LAGRANGIAN NON-INTERSECTIONS 

PAUL BIRAN 

1. Introduction and main results 

The present paper is devoted to Lagrangian submanifolds of symplectic manifolds and 
their intersection patterns. 

One of the cornerstones of symplectic topology is the rigidity of symplectic structures 
reflected in the behavior of Lagrangian submanifolds and their intersections. The first 
non-trivial restrictions on Lagrangian embeddings go back to Gromov's work of 1985 |21j . 
One of the many results of that paper is the following fundamental theorem: In M^" there 
are no closed exact Lagrangian submanifolds, in particular there are no closed Lagrangian 
submanifolds L C M^" with H\L; R) = 0. 

Since then, Gromov's techniques have been extended and, in combination with other 
methods, have led to more restrictions on the topology of Lagrangian submanifolds, most 
of the results being for Lagrangians submanifolds of M."^^ and of cotangent bundles (see 
e.g. [l[inilinil2aEDll2niE3EaiSlESlEnilinifora partial list of older and newer results) . 

Only relatively recently first results on the topology of Lagrangians in closed manifolds 
have been obtained by Seidel jSZI and later on by Biran and Cieliebak . Note that when 
studying Lagrangians in an arbitrary manifold one encounters all Lagrangian submanifolds 
of M^". This is due to the fact that every symplectic manifold M"^^ is locally modeled on 
M^*^, hence every Lagrangian submanifold L C M."^^ can also be Lagrangianly embedded 
into M^". Thus, Lagrangian embeddings into M^" should, in a sense, be regarded as the 
local case. However, our understanding of Lagrangian submanifolds of M^*^ is still quite 
limited, in particular also that of "local" Lagrangian submanifolds in any symplectic 
manifold M"^^. (Thus, in this case, "local" turns out to be difficult.) 

In this paper we concentrate on "global" Lagrangian submanifolds. One way to "mod 
out" the local Lagrangians is to assume for example that the first homology of the La- 
grangians is either zero or torsion. In view of the preceding theorem of Gromov such 
Lagrangian submanifolds must be global in the sense that they cannot lie entirely in a 
Darboux chart. 
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One of the phenomena arising from our results below is that in certain symplectic 
manifolds the topology of Lagrangians with small first homology is extremely restricted. 
It turns out that in some cases (e.g. M = CP") certain assumptions on ifi(L;Z) of 
a Lagrangian L completely determine the entire homology of L. This phenomenon is 
illustrated in Theorems 1X1- Oof Section im below. Note that very recently examples of this 
phenomenon have been discovered also for cotangent bundles of spheres by Buhovski ^U] 
and by Seidel 

The second phenomenon presented in this paper belongs to the framework of Lagrangian 
intersections. Our results show that certain symplectic manifolds M contain some kind 
of "Lagrangian core" A C M which dominates intersections, in the sense that many 
global Lagrangians L G M must intersect A, the intersection points being irremovable by 
symplectic diffeomorphisms. Results in this direction are presented in Section 11.31 

1.1. Homological uniqueness of Lagrangian submanifolds. Here and in what fol- 
lows all Lagrangian submanifolds are assumed to be compact and without boundary, 
unless otherwise explicitly stated. 

Lagrangian submanifolds of CP"'. Let CP" be the complex projective space, endowed with 
its standard Kahler structure. It is well known that CP" has no Lagrangian submanifolds 
L with Hi{L; Z) = (see [SZj, see also P). Note however that there do exist Lagrangians 
L C CP" with Hi{L; Z) torsion. For example, the real projective space 

MP" ^ {[zq: Zn]e CP" | G M V« } C CP" 

is such a Lagrangian submanifold (for n > 2). In fact Seidel proved in jHTj that every 
Lagrangian submanifold L C CP" with H^{L\'L2n+2) = ^2 rnust satisfy H*{L]7j2) — 
if* (MP"; Z2) as graded vector spaces. Below we shall prove a stronger statement which 
gives information also on the cohomology ring of L. Henceforth we say that an abelian 
group H is g-torsion if for every a G if we have qa = 0. (This, by our conventions, 
includes the case when H is the trivial group.) Our first result is: 

Theorem A. Let L C CP" be a Lagrangian submanifold with Hi{L; Z) 2-torsion. Then: 

(1) There exists an isomorphism of graded vector spaces ii*(iy; Z2) = ii*(MP"; Z2). 
Moreover, if a & ii^(CP"; Z2) is the generator then a\^ G H^{L; Z2) generates the 
subalgebra ii°^°"(L; Z2), and ii°^^(L; Z2) = H^{L- Z2) U ii^™^(L; Z2). 

(2) When n is even, the isomorphism H*{L] Z2) = ii*(MP"; Z2) is in fact an isomor- 
phism of graded algebras. 

Other than MP" C CP"^^ we are not aware of any example of Lagrangians L with 
2-torsion iii(L;Z). However, Chiang ^T] constructed an example of a Lagrangian in 
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L C CP^ with Hi{L; Z2) = Z2 for every i. This Lagrangian is a quotient of MP'^ by the 
dihedral group D^. It satisfies Hi{L;Z) = Z4. See jTT] for the details as well as other 
interesting examples of Lagrangian submanifolds of complex projective spaces of various 
dimensions. 

Lagrangian submanifolds of CP" x X. It has been proved in lU] that if X is a closed 
symplectic manifold with tt2{X) = then for n > dim^X, CP" x X has no simply 
connected Lagrangian submanifolds. On the other hand, if n < dime X, then CP" x X 
may have such Lagrangians. Indeed, for any symplectic manifold X of dim^X = n + 1, 
CP" X X has a Lagrangian sphere, after a possible rescaling of the symplectic form on 
the X factor (see [0] for details). The following theorem shows that homologically this is 
the only example. 

Theorem B. Let X be a symplectic manifold of dime X = n + 1 with 7T2{X) = and 
which is either closed or has a symplectically convex end. If L"^^^^ C CP" x X, n > 1, zs 
a simply connected Lagrangian submanifold then H*{L^^^^; Z2) = H*{S'^^^^; Z2). 

In contrast to the result of jH] mentioned above, if one drops the condition "7r2(X) = 0", 
then CP" X X may have simply connected Lagrangian submanifolds even if n > dime X. 
For example take X to be CP" and consider CP" x CP" endowed with the equally 
weighted split standard symplectic structure. Then L = CP" embeds Lagrangianly as 
the "anti-diagonal" in CP" x CP", namely 

CP" 9 [zo : . . . : ^n] ^ ([^o : • • • : ^n], [zo : . . . : z„]) G CP" x CP". 

The following theorem shows that, again, homologically this is the only example. 

Theorem C. Let L C CP" x CP" be a Lagrangian submanifold with Hi{L; Z) = 0. Then 
H*{L; Z2) = i/*(CP"; Z2) as graded algebras. Moreover, if a e if2(CP" x CP"; Z2) is the 
generator of H'^ of either factor o/CP" x CP" then G H'^{L; Z2) generates H*(L] Z2) 
as an algebra. 

Again, besides L = CP" we are not aware of any other examples of Lagrangian sub- 
manifolds in CP" X CP" with Hi{L; Z) = 0. 

1.2. Lagrangian spheres. Here we present new restrictions on Lagrangian embeddings 
of spheres. Let us mention that Lagrangian spheres appear in various mathematical 
contexts other than symplectic geometry (e.g. singularity theory and thus deserve 
special attention beyond the scope of symplectic geometry. 

In view of the fact that manifolds of the type CP" x X with dime X = n + 1 have 
Lagrangian spheres it makes sense to ask what happens for X of other dimensions. The 
next theorem gives a partial answer to this question. 
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Theorem D. Let X be a symplectic manifold with tt2{X) = which is either closed or has 
a symplectically convex end. If CP"- x X has a Lagrangian sphere (where n,dimX > 0) 
then dime X = n + l(mod2n + 2) . 

Recall that a symplectic manifold {M,uj) is called spherically monotone if [ci^]|7r2(M) 7^ 
and there exists A > such that [u] = Acf^ on 7r2(M). Here, and in what follows, cf^ 
stands for the first Chern class of the tangent bundle of M, viewed (in a canonical way) 
as a complex vector bundle. We denote by Nm G Z_|_ the minimal Chern number, namely 
Nm = min{cf (A) I A G 7r2(M),cf (A) > 0}. 

Theorem E. Let X be a symplectic manifold that can be covered by a symplectic manifold 
which is symplectomorphic to a domain in C"\ Let M be a spherically monotone closed 
symplectic manifold. Assume dimX, dimM > 0. If M x X has a Lagrangian sphere then 
2Nm I dime M + dime X + 1 . 

Examples of manifolds X satisfying the conditions of Theorem |E| include symplectic 
tori, and ball quotients, both endowed with Kahler symplectic structures. Theorem lEl is 
in fact a special case of the more general Theorem 17. Al which will be proved in Section [7| 

Theorem F. Let (M, u) be a spherically monotone closed symplectic manifold with [u] = 
cf^ on 7T2{M) and denote m = dimcM. Let CP" x M be endowed with the symplectic 
form Q = {n + l)cr(Buj , where a is the standard symplectic Kahler form o/CP" normalized 
so that the area of a projective line is 1. Suppose that (CP" x M,Q) has a Lagrangian 
sphere, where n + m > 3. Then 2 gcd (n + 1, Nm) \ n + m + 1. 

Example. Theorem iFl implies that if (CP" x CP"^, (n + l)cr© (m + l)o") has a Lagrangian 
sphere for n + m > 3 then gcd (n + 1, m + 1) = 1 and n + m is odd. 

Remark. Embarrassingly, the only example known to us of Lagrangian spheres in mani- 
folds of the types appearing in Theorems IdIIfI are all in manifolds of the type CP" x X 
where dim^X = n + 1. It would be interesting to figure out for example whether or 
not CP" X X admits a Lagrangian sphere (or even a homology sphere) when dime X = 
(2A; + l)(n + 1), A; > 1. 

1.3. Lagrangian intersections. Here we present new results on Lagrangian intersec- 
tions. The pattern that stands out in all the examples below is the existence of a "core" A 
consisting of a finite union of (possibly) immersed Lagrangian spheres with the property 
that every Lagrangian submanifold with prescribed topological properties (e.g. simply 
connected) must intersect A. 
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Intersections in the quadric. Let C CP"^^ be the complex n-dimensional smooth 
quadric defined by the equation: 



endowed with the symplectic structure induced from CP"^^. Let Ag C be the corre- 
sponding "real" quadric, namely: 

Zq G M, Zi, . . . G 



It is not hard to see that Ag C is in fact a Lagrangian sphere. 
Let A*Q = Q)^=qAq be the following graded vector space over Z2: 

= ^2, Aq = Z2, 
Aq = for every 1 < i < n — 1, 
Al-'=Z,, Al = Z^. 

Theorem G. Let L C Q", n > 3, be a Lagrangian submanifold such that ifi(L;Z) is a 
2-torsion group. If H*{L; Z2) is not isomorphic to Aq then L fl Ag 7^ 0. In particular for 
every Lagrangian submanifold L C with Hi{L; Z) = 0, we have L fl Ag 7^ 0. 

Remarks. (1) Note that the intersection between L and Ag is in general not due to 
topological reasons but rather to symplectic ones. For example when n is odd, 
every Lagrangian sphere (in particular Ag) can be displaced from itself via an 
arbitrary small (non symplectic) diffeomorphism. 

(2) The quadric has many different Lagrangian submanifolds with Hi{L; Z) either 
zero or 2-torsion. First of all it has simply connected Lagrangians (e.g. Ag itself). 
Next, for every < r < n consider 

Lr = {[zq '■ ■ ■ ■ '■ Zn+l] G I Zq, . . . , Zr E 'M., ^r+l, • • • , ^n+l E xM} . 

It is not hard to see that all the L^'s are Lagrangian submanifolds of and 
that Lj. is diffeomorphic to {S^ x S"~^)/1j2, where Z2 acts on both factors by 
the antipode map. It easily follows that Lq and L„ are spheres, and a simple 
computation shows that for every l<r<n — 1, we have ifi(Lr;Z) = Z2 but 
i7^(Lr; Z2) 7^ 0. Therefore when n > 3, H*{Lr;1j2) is not isomorphic to Aq. It 
follows from Theorem O that for n > 3 any Lagrangian submanifold L C 
diffeomorphic to one of the L^'s must intersect Ag. In particular the intersection 
Lr n Ag 7^ cannot be removed via a symplectic isotopy. 

(3) We do not know of any examples of Lagrangians L with 2-torsion Hi{L] Z) lying 
in the complement of Ag. 



6 



PAUL BIRAN 



(4) The statement of Theorem Id remains true if instead of assuming ifi(L;Z) is 2- 
torsion one assumes that L is monotone with minimal Maslov number Nl = n. 
(See the second remark at the end of the proof of the Theorem in Sectional) It 
would be interesting to figure out if at least there are any monotone Lagrangians 
L C Q"' (not necessarily with 2-torsion Hi) with = n that lie in complement 
of Aq. 

Questions. (1) Theorem O implies that (for n > 3) every Lagrangian sphere L C 
Q", must intersect Aq. Is it true that every two Lagrangian spheres Li,L2 C 
must intersect each other? Note that when n = even this easily follows by 
computing the intersection number [Li] ■ [L2], but for n = odd this does not seem 
to follow from purely topological reasons. An affirmative answer would have the 
following consequences in algebraic geometry: the complex quadric (of dimension 
> 3) cannot be degenerated to a variety having two or more isolated singularities. 
See jni 13 Ej for more details and precise statements. 

(2) Note that the cohomology of the Lagrangian Li C (taken from (2) above with 
r = 1) is precisely Aq. Can Li be Hamiltonianly isotoped to lie in the complement 
of Aq ? It is known that Li can also be embedded as a monotone Lagrangian in C" 
with minimal Maslov number = n (see ^J). Can Li be embedded as a monotone 
Lagrangian in Q" \ Aq ? 

(3) Theorem O will not be proved by showing that the Floer homology HF{L,Aq) is 
not zero. It would we be interesting to figure out whether this is indeed so. 

Intersections in hyper surf aces ofCP"'^^. Theorem O can be generalized as follows. Let 
C CP"+^ be a smooth complex hypersurface of degree d, viewed as a symplectic 
manifold endowed with the symplectic structure induced from CP"^^. 

Theorem H. For every d > 2 there exist rf""*"^ (possibly) immersed Lagrangian spheres 
Si, ... , Sd"+^ C such that their union = SiU . . .U Sd"+^ has the following properties: 

(1) When d < '-^ or d > l{n + 1) , n > 3, every Lagrangian submanifold L C 
with Hi{L; Z) = must satisfy L fl A^ 7^ 0. 

(2) When d < and n = even, for every Lagrangian submanifold L d Ti^ with 
Hi{L; Z) 2-torsion either L fl A^ 7^ or L has the following properties: 

(a) H'^iL; Z2) = . . . = //"-^(L; Z2) = 0. 

(b) Pi{L) = (3d-i-i{L) = Pi+i+n-d{L) = (3n-i{L) for every Q < i < d - I, where 
f3j{L) stands for the j 'th 'L2-Betti number of L. 

(3) When d < ^ and d = odd, for every Lagrangian submanifold L C with 
Hi{L; Z) 2-torsion either L fl A^ 7^ or L has the following properties: 
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(a) H^{L] Z2) H^^'^{L\ Z2) is an isomorphism for every d<k<n — d — 2. 

(b) H'^-\L;Z2) ^ H'^+\L;Z2) is surjecUve. 

Here, w G H'^{L; Z2) is the restriction of the generator a G i/^(CP"+^; Z2) to 
L C S2 C CP"+^ 

(4) When 2<d<n+l,n>3 and 2{n + 2 — d) \ n + 1, every Lagrangian sphere 
L C must satisfy L n 7^ 0. 

(5) Let d,t > 2, n > 3 be such that d > iil^iiii _|_ 7^ _)_ 2. T/ien every Lagrangian 
suhmanifold with Hi{L; Z) t-torsion must satisfy L fl 7^ 0. 

We have not been able to explicitly compute the Lagrangian spheres in A^, however 
in Section 15.6.41 below we show that 6*2, .. . ,5*^^+1 are all obtained from 5*1 by applying 
suitable automorphisms of S^. 

Examples of Lagrangian submanifolds L C that satisfy the conditions of the Theo- 
rem iHl come from Picard-Lefschetz theory. Indeed YT^, d > 2, can be included as a fibre in 
a degeneration with isolated singularities, hence by the Lagrangian vanishing cycle con- 
struction it must contain Lagrangian spheres (see |S1 1221 EHl EHI ? see also j3]). Here are 
more explicit examples of Lagrangians in E^. write E'^as{z^ + --- + z^^^ = O} C CP"+^ 
Let r G C be a root of —1 of order d. Then it is easy to see that when d = even 



[zq : . . . : Zn+i] G 



zq G tM, Zj G M for every 1 < j < n + 1 



is a Lagrangian sphere. When d = odd we also have Lagrangians homeomorphic to MP", 
namely T,"^ fl ]RP"+^. (See Appendix A of for an explicit homeomorphism.) 

Questions. (1) Theorem iHl implies in particular that (for some values of d) it is impos- 
sible to embed a Lagrangian sphere which is disjoint from the spheres Si, ... , S^^+i. 
In view of this one is led to speculate that the maximal number of mutually dis- 
joint Lagrangian spheres in EJ^ is finite, or even that this number is not bigger 
than (i""*"^ (c.f. the first question after Theorem O ) 

(2) Under the conditions of statement (2) of Theorem|Hj Lagrangians L C E2\A(i with 
2-torsion ifi(L;Z) must have the same Z2-coefficients cohomology as a manifold 
of the type Lq x 5'"+i-'^^ where Lq is a (rf — l)-dimensional manifold. Can such 
manifolds be Lagrangianly embedded in T,"^ ? In SJ]^ \ A^ ? 

(3) Consider the manifold L = {S^ x S'"+^"'^)/Z2 x S**^"^, where Z2 acts on both factors 
of X S'"^^^'^ by the antipode map. Note that L also satisfies the cohomological 
restrictions predicted by statement (2) of Theorem iHl It is known that L admits a 
monotone Lagrangian embedding into C" with minimal Maslov number = n + 2 — d 
(see [34J). Does L admit a monotone Lagrangian embedding into ? Into 
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Intersections in a hypersurface of CP"^ x CP". Consider CP" x CP" endowed with the 
standard symplectic form cistd © ostd and let E^"~^ C CP" x CP" be the complex hyper- 
surface defined by the equation 

where [zq : ... : z„], [wq : . . . : Wn] are homogeneous coordinates on CP" x CP". We 
endow S^"~^ with the symplectic structure induced from CP" x CP". Put 

Ae = jlN : • ■ • : Zn], [wo: ... : Wn]) E S^""^ | WjZ^, = ZjWn V < j < n - l|. 

A simple computation shows that As C S^"~^ is a Lagrangian sphere. 

Theorem I. Let L^"^^ C S^"^-*^, n>2, he a Lagrangian submanifold with Hi{L] Z) = 0. 
Then either H*{L; Za) = H*{S^''~^; Za) or L n As ^ 0. 

1.4. Discussion. The phenomenon arising in the results of Section iLSl above is the ex- 
istence of certain "Lagrangian subsets" that dominate intersections in the sense that all 
Lagrangian submanifolds with specified topology must intersect them. A similar phenom- 
enon is already known for cotangent bundles, where a result due to Gromov [21] implies 
that every Lagrangian submanifold of a cotangent bundle L C T*{X) with H^{L; M) = 
must intersect the zero section. Our results show that such a phenomenon holds also in 
closed manifolds. It is interesting to note that, similarly to our case, also for cotangent 
bundles it is currently unknown whether or not the Floer homology HF{L, Ox) of L and 
the zero section Ox is non-trivial. (Compare Question (2) after Theorem O) 

Finally, let us remark that the above intersection phenomena, in general, seize to hold 
in the C°°-category. Indeed in each of the Theorems G-I one can usually remove all the 
intersection points by a smooth diffeomorphism. 

1.5. Methods and ideas. The methods and tools used in this paper consist of two main 
ingredients. The first one is Floer theory for Lagrangian submanifolds. In particular 
we use the extension of Floer homology to monotone Lagrangian submanifolds due to 
Oh [211 ISSl in2| which gives rise to an an algebraic approach for computing Floer homology 
in terms of a spectral sequence. 

The second ingredient is a geometric technique, developed by the author in [^j and in 
this paper, by which it is sometimes possible to compute Floer homology in a geometric 
way. Our techniques enable to perform certain transformations to a given Lagrangian 
submanifold resulting in a new Lagrangian that can be Hamiltonianly displaced. In 
particular, we obtain vanishing of Floer homology. This vanishing combined with the 
algebraic computations mentioned above is the key point behind most of our results. 
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Let us now describe in some more detail the main ideas of the paper. Let S^" be a 
closed symplectic manifold. We shall concentrate on the case when S can be symplectically 
embedded as a hyperplane section of a higher dimensional symplectic manifold, say M^""*"^. 
The idea is that in view of the decomposition technique developed by the author in |3] 
the symplectic properties of M \ S can be used to study the symplectic topology of S 
itself. Consider a tubular neighbourhood f/ of S in M . Its boundary dU is a circle bundle 
TT : dU S over S. Now let L C S be a Lagrangian submanifold. As we shall see in 
Section 14.11 below, if we chose U carefully the restriction of this circle bundle to L, is a 
Lagrangian submanifold = ix'^iL) lying in M\S. Note that M\S is a Stein manifold. 

The symplectic theory of Stein manifolds now comes into play. Recall that Stein mani- 
folds are divided into subcritcal and critical ones (see Section |21for the precise definitions). 
Subcritical Stein manifolds have the feature that (after a suitable completion) all compact 
subsets can be Hamiltonianly displaced. In particular the Floer homology of Lagrangian 
submanifolds must vanish. 

Returning to our case, if M\S turns out to be subcritcal, the Floer homology HF{Tl, Tl) 
vanishes. Thus, starting with a Lagrangian submanifold L C S, we have transformed it 
into a new Lagrangian C M \ S whose Floer homology vanishes due to geometric rea- 
sons. Note that in contrast to F/,, in general L itself cannot be Hamiltonianly displaced 
and in fact its Floer homology might not vanish. 

We now turn to algebraic computations in Floer homology. The idea is to perform 
the computation of HF(T i) in an alternative way. The main tool for this end is 
a spectral sequence based on the theory developed by Oh [^3 IHlj- The second step 
of this spectral sequence is the singular cohomology of a Lagrangian, and the sequence 
converges to its Floer homology. Comparing this computation (performed on F^^) with the 
vanishing of HF{Tl, Tl) we obtain restrictions on the cohomology of T^. In some cases 
we are even able to reproduce the entire cohomology of F^. Having done this, we derive 
information on the cohomology of L itself (recall that F/, — L is a circle bundle). We give 
a rather detailed construction of this spectral sequence in Section El since our approach 
is somewhat different than Oh's original work [HHl ■ Detailed computations using the 
spectral sequence appear throughout the proofs of the main theorems in Section IHl 

Let us turn now to the case when M \ S is a critical Stein manifold. In this case 
it is no longer true that all Lagrangian submanifolds in M \ E are displaceable. In 
Section and 14.21 we introduce a kind of geometric obstruction for displaceability in 
M \ E. This obstruction, which we call the Lagrangian trace, is a union of (possibly) 
immersed Lagrangian spheres A C S. It has the property that for every Lagrangian L C S 
with LnA = 0, the circle bundle F^ C M\S can be Hamiltonianly displaced, in particular 
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HF(Tl,Tl) = 0. Recomputing the vanishing of HF(Tl,Tl) using the spectral sequence 
we deduce that Lagrangian submanifolds L C S with certain topological properties must 
intersect A. 

The choice of the coefficients. Our cohomological restrictions are with Z2-coefficients only. 
This has to do with technical reasons coming from Floer homology theory which is one of 
the main tools used in this paper. However, recent developments in Floer theory, due to 
Fukaya, Oh, Ohta and Ono |^ make it possible to define, in some cases, Floer homology 
with coefficients in Q or even Z. It seems very likely that several of our results above 
continue to hold for cohomology with Z-coefficients as well. 

The title of the paper. "Lagrangian non-intersections" is derived from the following idea 
motivated in this paper: whenever the principle of Lagrangian intersections fails (in the 
sense that a La grangian can be Hamiltonianly displaced) we obtain restrictions on the 
topology of the Lagrangian via computations in Floer homology. 

Organization of the paper. The rest of the paper is organized as follows. In Section |21 
we collect some important facts from the symplectic theory of Stein manifolds that will 
be used in the sequel. We also develop in this section methods to displace Lagrangian 
submanifolds in both subcritical and critical Stein manifolds. 

In Sections El and El we discuss symplectic manifolds E that appear as hyperplane 
sections in other manifolds M. For Lagrangian submanifolds L C S we introduce the 
Lagrangian circle bundle construction giving rise to a new Lagrangian submanifold C 
M \ E. We then study the possibilities to displace F^ in M \ E and introduce the 
Lagrangian trace A C S which is a kind of obstruction for displacing F^,. In Section ITHl 
we present explicit calculations of A for various examples of S. Sectional is devoted to 
computations in Floer homology. In Section (HI we give the proofs of the main theorems. 
Finally, in Section [71 we present some generalizations of the theorems of Section 

2. Symplectic geometry of Stein manifolds 

Here we briefly recall some basic facts on Stein manifolds from the symplectic viewpoint. 
The reader is referred to [T3] for the foundations of the symplectic theory of Stein 
manifolds. Apart from the contents of Subsection 12.41 most of the material below can be 
found in [1211111113 E|. 

A Stein manifold is a triple (V^, J, (f) where (V, J) is an open complex manifold and 
y9 : ^ M is a smooth exhausting plurisubharmonic function. The term "exhausting" 
means that is proper and bounded from below. "Plurisubharmonic" means that the 
2-form uj^ = —dd'^ip is a J-positive symplectic form, i.e. —dd'^ip{v, Jv) > for every 7^ 
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V G T{y). (Here and in what follows stands for operator that takes a smooth function 
if to the 1-form dip o J.) We denote by ■) = Uip{-, J-) the associated Riemannian 
Kahler metric. 

Given a Stein manifold (V, J, ip) we have the gradient vector field = grad^^y? of p 
with respect to the metric g^p. A simple computation shows that Lx^uj^ = oj^, hence the 
flow of is conformally symplectic, {X^^)*uj^ = e^uj^. We remark that in contrast to 
other texts (e.g. |IZ|), we do not assume that the flow of is complete, unless explicitly 
stated. Note however that since p is exhausting the flow X^ does exist for all negative 
times. 

2.1. Canonical symplectic structures on Stein manifolds. Given a Stein manifold 
(y, J, p) and i? G M, we denote by V^p<R the sublevel set p^^{{—oo, R]). We write Ciit{ip) 
for the set of critical points of the function p. 

Following 17J we say that a Stein manifold (V^, J, p) is complete if the flow of gradient 
vector field = gia.(ig^p exists for all positive times. 

Lemma 2.1. A (See fTj, |H]). Let {y,J,p) he a Stein manifold. Then for every i? G M 
there exists an exhausting plurisubharmonic function pr : V ^ M. with the following 
properties: 

(1) pn = p on V^<R. 

(2) (V, J, pr) is a complete Stein manifold. 

(3) CtH^Pr) = Cht{p) and for every p G CTit{pR), mdp{pR) = mdp{p). 
In particular, the inclusion (V^<_r, t^^) C (V^, cj^^) is a symplectic embedding. 

The next lemma shows that the symplectic structure of a complete Stein manifold is 
unique up to symplectomorphism. 

Lemma 2.1.B (See ^^I, compare |^). Let {V, J) be a complex manifold endowed with 
two exhausting plurisubharmonic functions pi, p2 such that both Stein manifolds (V, J, pi) 
and (y, J,p2) are complete. Then the symplectic manifolds (V, cj^pj and (y,u!^^) are sym- 
plectomorphic. 

Remark 2.I.C. In view of this lemma, we shall sometimes denote the symplectic manifold 
associated to the completion of a Stein manifold (V, J, p) by (V, a)) (since it does not 
depend on the choice of the plurisubharmonic function). Note that for every open subset 
W C V with compact closure we have a symplectic embedding (W,ujyy) ^ (y,ui). 
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2.2. The skeleton of a Stein manifold (V, J, ip). By this we mean the subset A^^ C V 
which is formed from the union of the stable submanifolds of the flow X^, namely: 

K= U (^^) = {xeV\ \im Xlix) e Crit(</p) } . 

peCrit{(/3) 

Lemma 2. 2. A. Let (V, J, 6e a Stein manifold and assume that (p is a Morse-Bott 
function. Then for every critical submanifold C G V of (f we have: 

(1) C is isotropic with respect to uj^. 

(2) indc7(<^) + dimC < i dims V. 

(3) For every p G C the stable submanifold Wp{X^) is isotropic with respect to uj^p. 

(4) For every p & C the unstable submanifold ly^(X^) is coisotropic with respect to 

UJp. 

Proof. For ip being Morse a proof can be found in [T3] (see also [T7], and see j3] Section 8). 
The case of Morse-Bott if is an obvious extension of the "Morse case" . □ 

Lemma 2.2.B (See j^l)- Let (V, J, ip) be a Stein manifold, and assume that all the critical 
points of if lie in the subset {ip < R\ for some i? G M. Then arbitrarily close to ip' in the 
-topology there exists an exhausting plurisubharmonic function ip' -.V such that: 

(1) ip' = ip on {ip > R}. 

(2) ip' is Morse. 

(3) The flow of X^i is Morse-Smale. In particular all trajectories of X^/ go from 
critical points of ip' to either critical points of strictly higher index or to ''infinity" 
(i.e. do not go to any other critical point). Moreover the skeleton A^r is an 
isotropic CW-complex (see below). 

Let (y^cj) be a symplectic manifold and A C y a subset. We call A an isotropic CW- 
complex if there exists an abstract CW-complex K and a homeomorphism i : K ^ A dY 
such that for every cell C C K the restriction ?|intc?aint{DdimC) : Int C — > (Y,ij) is an 
isotropic embedding. We refer the reader to |31 for more details on this notion. 

2.3. Subcritical Stein manifolds. Let {V, J, ip) be a Stein manifold. It is well known J3] 
that if ip is Morse then for every critical point p we have indp<y9 < ^ dim^ V. We say that 
(V^, J, ip) is subcritical if ip is Morse with finite number of critical points and for every 
p G Crityj, indpip < | dimjj Note that in this case dimA,^ < ^ dim^ (hence the 
skeleton does not contain Lagrangian cells). 

The following lemma shows that in subcritical Stein manifolds any compact subset can 
be Hamiltonianly displaced. See jH] for the proof. 
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Lemma 2. 3. A. Let {V, J, (f) be a complete subcritical Stein manifold. Then for every 
compact subset A C V there exists a compactly supported Hamiltonian diffeomorphism 
h : (V,cu^) {V,u^) such that h{A) n A = 0. 

2.4. The critical coskeleton. Let (V, J, ip) be a Stein manifold, and suppose that ip is 
a Morse-Bott function with finitely many critical submanifolds. We denote by Pi, • • • ,Pn 
the isolated critical points of ip (if there are any). We say that ip has property {Sq) if one 
of the following two conditions is satisfied: 

(1) For every positive dimensional critical submanifold S of ip, 'm.dLs{ip) + dimS" < 
\ dimiR V. 

(2) ip has no isolated critical points and only one positive dimensional critical manifold 
S, with dim S = ^dim^V. 

In the first case denote by {p[, . . . C {pi, . . . ,Pn} those critical points with mdp'.{ip) = 
\ dimiR V (again, it may happen that r = 0.) In the second case pick a point p\ G S and 
put r = 1. We define the critical coskeleton V™* C to be the union of the unstable 
submanifolds of the p-'s, namely: 

K"* = U K'i^^) = UeV\ \}^^K(x) e {p[, ...,p'a]. 

i=l ^ oo J 

Remark. Property (iSq) is purely technical and may look somewhat artificial. Note that if 
ip is Morse then it automatically has property (iSq) (since all its critical points are isolated). 
Property {So) was created to accommodate a slightly more general situation than that. It 
covers two different (and unrelated) possibilities. The first possibility means that among 
the unstable submanifolds, those that are Lagrangian (i.e. have minimal dimension) all 
come from isolated critical points. The second possibility, roughly speaking, means that 
{V,u^) looks like a neighbourhood of the zero section in T*{S). 

Examples. (1) If (V, J, <^) is a subcritical Stein manifold then clearly r = 0, hence 
V^"* = 0. 

(2) Let M be a closed manifold and V = T*{M) be its cotangent bundle. Denote by 
q E M local coordinates along X and by p G T*{M) the dual coordinates along 
the cotangent fibres. It is well known (see [T3j) that V can be endowed with the 
structure of a Stein manifold with ip{q,p) = |pp and = p^. Here | ■ | is a norm 
along the cotangent fibers (coming from a Riemannian metric on M). In this case 
the only critical submanifold is the zero section, and the critical coskeleton is just 
one fibre, V^"* = T*{M). 
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2.4.1. Property {S). Let (V, J, be a Stein manifold. We say that ip has property {S) 
if it has property (iSq) above and in addition for every 1 < i < r all gradient trajectories 
of emanating from the points p[ go to "infinity" . Note that this definition does not 
depend on the choice of the point p'^ in the case when has only one critical submanifold 
S with dim S = \ dimu V . Indeed, in that case 5* is the minimum of ^9, hence all gradient 
trajectories emanating from points of 5* go to "infinity" . 

Lemma 2. 4. A. Let (V, J, ip) he a complete Stein manifold and assume that ip has property 
{S). Let A C V be a compact subset with A D V™* = 0. Then there exists a compactly 
supported Hamiltonian diffeomorphism h : (V, w<^) (y,uj^) such that h{A) fl A = 0. 

Examples. (1) If (V, J,ip) is subcritical then the the lemma reduces to Lemma f2.3.AI 
since in this case V™*^ = 0, hence any compact subset can be Hamiltonianly 
displaced. 

(2) Let V = T*{M). As we have just seen above V^"* = T*{M) for some q e M. 
Hence we recover a statement due to Lalonde and Sikorav [21] that any compact 
subset of T*(M) lying in the complement of a fibre T*{M) can be Hamiltonianly 
displaced. 

Before we prove Lemma r2.4.Al we shall need some preparations. Given a Morse function 
(p : V —>■ M., denote by Cnt<k{'p) the set of critical points of ip of index < k. Denote by 
the subskeleton 

= U W;{X^) = [xeV I /hn Xi(x) G Grit(y.)} . 

We shall need the following Proposition for the proof of Lemma I2.4.A1 

Proposition 2.4.B. Let {V,J,ip) be a Stein manifold. Fix an integer < k < dime ^• 
Assume that: 

(1) if is a Morse function with finitely many critical points Xi, . . . ,Xi, G V , arranged 
so that Grit<fe(v9) = {xi, . . . , xi}, I < v . 

(2) There are no trajectories of X^^ that connect any of the critical points xi^i, . . . , x^ 
with one of the critical points Xi, . . . ,xi. 

Fix mutually disjoint neighbourhood Ui, . . . ,Ui of xi, ■ ■ . ,xi respectively. Then arbitrarily 
close to if in the -topology there exists an exhausting plurisubharmonic function ip' with 
the following properties: 

(1) ^ = ^' onV\{UiU ...UUi). 

(2) if' is Morse, Ci\t{(p') = Cnt{{p) and for every 1 < ^ < z/, indxXv') = ^^^Xii'p)- 
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(3) The flow of X^i connects any of the critical points Xi, . . . ,Xi either to a point of 
strictly higher index or to "infinity". Moreover the subskeleton A^, is an isotropic 
CW-complex. 

We omit the proof as it is a straightforward adaptation of the arguments from Section 9 
of 0. 



Proof of Lemma 2.4-A The proof generahzes ideas from (see Lemma 3.2 there). 



Assume first that (f is a Morse function, hence it has no positive dimensional critical 
submanifolds. Put k = ^dim^V — 1. Applying Proposition I2.4.B1 we obtain a new 
plurisubharmonic function (f' for which A^, is a CW-complex. Note that if we choose the 
neighborhoods Ui, . . . ,Ui of the points in Cnt<k{f) to be small enough we can arrange 
that V^V* = V^"*. 

By Moser argument there is a symplectomorphism / : {V,u!^) {V,uj^/) which is 
supported in f/i U . . . U f/j. In particular /(V^"') = V^V*, and f{A) n Vf' = 0. Thus by 
replacing (f by ip' we may assume without loss of generality that A^ is a CW-complex. 



Since dimA^ < | dim^ K there exists a Hamiltonian isotopy gt : (y,uj^) {V, 



compactly supported in an arbitrarily small neighbourhood of A^, such that (7i(A^)nA^ = 
0. As A^ is compact there exists a small neig hbourhood W of A^ so that ^i(Vr) n = 0. 

Since A fl V^"* = 0, for large enough T > we have X~^{A) C W . As g\ displaces W 
we have: 

xJo^ioX/(A)nA = 0. 

Finally, it is a straightforward computation to check that 

K = X'J o g, o X-'^ 

is a Hamiltonian isotopy (see [Hj, Lemma 3.2). 

Assume now that cp has also positive dimensional submanifolds say Si,...,Sq with 
indg. ((/?) + dim 5*4 < | dimu \^ for every i. Pick for every i a generic Morse function 
fi : Si ^ and a cut off function pi which is identically 1 near Si and identically outside 
a small neighbourhood Wi of Si. Consider now the function ip^ = ip + e J2i=i Pifi- Clearly 
for small e, <^e is plurisubharmonic. Moreover (p^ is Morse and its critical points consists 
of the isolated critical points of (p and the critical points of the Morse functions /i, . . . , /g. 
Moreover, for every critical point p G Crit(/j), we have mdp{ip^) = indp(/j) + inds. (</?). 
From property (So) we get mdp{(pe) < ^dirriMV. Therefore the critical points of ip^ of 
index ^ dimu V are exactly the same as those of ip. Moreover (p^ = ip near these points. 
Next, note that if the perturbation above is in small enough neighborhoods Wi of the Sj's 
then due to assumption (S) we have V™* = V™*. 
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Now, by Moser argument there is a symplectomorphism / : {V,uJip) — > {V,uj^^) which is 
supported mWiU...UWg. And again, /(V^"*) = V^f , and f{A) n V^f = 0. Replacing 
uj^ by uj^p^ and Ahj f{A) we arrive to the case from the beginning of the proof. 

Finally assume that the only critical points of consist of one critical submanifolds S 
of dimension ^ dimu V. Consider the map F : V S defined by 

F(x)= hm Xj(x). 

t—i-—oo ^ 

Since cp is Morse-Bott this map is a locally trivial fibration in a neighbourhood of S 
(see 0). Note that V™* is just the preimage under F of a point p E S. Therefore since 
A n V^"* = we have F{A) C S\{p}. 

Since S is Lagrangian a small neighbourhood of S can be identified with a neighbour- 
hood of T*{S). Pick a Morse function G on having all its critical points in S* \ F{A). 
Clearly the Hamiltonian isotopy gt of G (viewed as a Hamiltonian in T*{S)) will displace 
F{A) away of S within arbitrary small time, say t = e (compare The result now 

follows in the same way as in the beginning of the proof. Namely for large enough T > 
the Hamiltonian diffeomorphism 

xJo^,oX/(A)nA = 

will displace A. □ 

3. Polarizations and decompositions of Kahler manifolds 

A basic tool that we shall use throughout this work is a decomposition technique for 
Kahler manifolds that was developed in ||5j. In Subsections 13 . 11 - 13 .41 we briefly summarize 
the necessary facts from j3] where more details can be found. In Subsection 13.51 we 
introduce the concept of Lagrangian trace and in 13.61 we compute some examples. 

3.1. Polarized Kahler manifolds. Throughout this paper, by a Kahler manifold we 
mean a triple {M,uj, J) where (M, cj) is a closed symplectic manifold and J is an (inte- 
grable) complex structure compatible with u. 

A polarized Kahler manifold V = (M^",Ci;, J; S) is a Kahler manifold {M,uj, J) with 
[uj] G H'^{M] Z) together with a smooth and reduced complex hypersurface S C M whose 
homology class [S] G H2n-2{M) is the Poincare dual to k[u] G H^{M) for some k E N. 
The number k will be called the degree of the polarization V and denoted by k-p. Note 
that our notion of polarized Kahler manifolds is slightly different from the one common 
in algebraic geometry. 
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3.2. Additional structures associated with a polarization. We shall now define a 
distinguished plurisubharmonic function ip^ : M \ S ^ M which is canonically associated 
with the polarization V. For this purpose let C = Om{^) be the holomorphic line bundle 
defined by the divisor S. Denote hj s : M C the (unique up to a constant factor) 
holomorphic section whose zero set {s = 0} is S. Choose a hermitian metric || • || on C, and 
a compatible connection V with curvature = 27iik'pu. Finally, define ip^ : M\S ^ M 
to be 

Put V = M \ A simple computation shows that —ddPip^ = u, hence ip^ is plurisub- 
harmonic. Moreover, it is not hard to see that cp^ is exhausting and that it has no critical 
points outside some compact subset of V (see jS])- 

It is important to remark that the function (p^ is canonically determined by the polar- 
ization V up to an additive constant and does not depend on any of the choices made for 
II • II, s or V. This is due to the requirement on the curvature and the fact that J is 
integrable (see |3] for more details). Next, let j = uj{-,J-) be the Kahler Riemannian 
metric associated with the pair [uj, J). Finally denote by the gradient fiow of ip^ with 
respect to j. (Note that is not complete for t > 0, since {V,uj) has finite volume.) 

Consider the Stein manifold (V = M \T,, J,{p^). We denote by A-p C V its skeleton 
(see 12.21 above). Note that A-p C M \ S is compact since the fiow is complete at — oo 
and Crit(v9p) is a compact subset of M\S. We remark that A-p is completely determined 
by the polarization V without any further choices since the function ip^ is determined (up 
to an additive constant) by V. We shall therefore call Ap the skeleton associated with 
the polarization V. 

3.3. The decomposition associated to a polarization. In this section we explain 
how to decompose a Kahler manifold into two basic building blocks. The first piece is 
a standard symplectic disc bundle over a complex hypersurface. The second piece is the 
isotropic skeleton of the Stein manifold which is the complement of this hypersurface. 

3.3.1. Standard symplectic disc bundles. Let V = (M, u, J; E) be a polarization of degree 
fcp of a Kahler manifold. 

Put uj^ = uj\t(t:) and let tt : N^, ^ S be the (complex) normal line bundle of E in 
M with first Chern class c^^ = k-pluj^] G H'^iT,). Let || ■ || be any hermitian metric on 
Ny. and denote by E^. = {v E N^. \ \\v\\ < 1} the open unit disc bundle of N^,- Choose 
a connection V on Nj] with curvature Ry = 2Tiik'puj^ and denote by the associated 
transgression 1-form on Nj: \ defined by: 

• a^)(M) = 0, a^)(iM) = ^ for every uE Ny;\0. 
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• a^l/fv = 0, where is the horizontal distribution of V. 
With this normahzation of we have da^ = —7T*{k'puj^). Define now the following 
symplectic form cjcan on -^e: 

where r is the radial coordinate along the fibres induced by || ■ ||. It is easy to check that 
f^can is well defined, that it is symplectic, and has the following three properties: 

(1) All fibres of tt : Ej^ — ^ S are symplectic with respect to tUcan and have area 1. 

(2) The restriction of cjcan to the zero section S C Ej^ equals k-puj^. 

(3) Ucan is S^-invariant with respect to the obvious circle action on Ej^. 
Although ciJcan & priori depends on || ■ || and V, different choices of these structures in 

fact lead to symplectically equivalent results (see ^7\, see also [3 El)- We shall henceforth 
call (-Es,i^can) the standard symplectic disc bundle over modeled on N-^. Often we 

shall multiply tUcan by a positive number c > (usually by c = ^) and refer to {E-^, ccUcan) 
as the standard symplectic disc bundle with fibres of area c. (Note that now the restriction 
of this symplectic form to S C -Es equals ck-pu^, not k-puj^.) 

3.3.2. The decomposition. Let V = (M, cu, J; S) be a polarized Kahler manifold. Denote 
by : M — i> M the function p^{x) = ||s(x)|p, and let be the gradient vector field 
of — Pp. Note that since p^ = e"^'^'^'"''^' the vector fields and are positively 
proportional on M \ S. 

Theorem 3. 3. A (See jSj). Let V = {M,uj, J; E) be a polarized Kahler manifold. Then, 
the complement of the skeleton {M\A'p,uj) is symplectomorphic to the following standard 
symplectic disc bundle over S 

(£"£, -^UJcan) (S, k-pUJ^) 

k-p 

which is modeled on the normal bundle Nj], and with fibres of area In fact, there exists 
a canonical symplectomorphism F-p, which depends only on V, such that the following 
diagram commutes: 

{Ej,,^LU,an) iM\Ap,u) 
0-section inclusion 

= 

Moreover, Fp sends the flow lines of Z^ to the lines of the negative radial flow on E^,, 
namely DFp{Z^) is negatively proportional to the radial vector field r-^ on E-^. 

The proof of this theorem appears in [5 . The "Moreover" statement, is not stated 
explicitly in jHj as a theorem but is proved there (see proof of Proposition 7.B in [H]). 
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3.4. Subcritical polarizations. A polarization V = (M, cu, J; S) is called subcritical if 
there exists a plurisubliarmonic function ip : {V = M \ J) — M such that {V, J, (p) is 
a subcritical Stein manifold (namely is Morse and for every p G Crit((y9), indp((/9) < 
I dim^ V). Note that we do not assume to be the canonical function ip^. We refer the 
reader to [H] for more information on subcritical polarizations, examples and criteria for 
identifying them. 

3.5. The Lagrangian trace. Let V = {M,uj, J; S) be a polarized Kahler manifold. We 
say that the polarization V has property {S) if ip^ : M \ S ^ M has property {S) of 
Section 1^.4. 1[ We denote by V^'* C M \ S the critical coskeleton of (p^. 

Let : M — > M be the function defined by p-p{x) = ||s(x)|p. Note that the critical 
points of consist of those of ip^ and S which is a non-degenerate critical submanifold 
(of index 0). On M \ S the gradients of ip^ and of — have the same (oriented) flow 
lines. Denote by : M — >■ M the gradient flow of — p^ . 

Assume now that V has property (S) and let Vp'* C M \ S be its critical coskeleton. 
Denote by A-p C S the subset obtained from Vp'* by "projecting" it using limi_>oo to 
S, namely 

A-p = \ x eT. \ X = lim (p), for some p G VS'* \ ■ 

In case V™* — (e.g. if ^p^ is subcritical) we put A-p — 0. We call A-p C S the Lagrangian 
trace of the polarization V. This term is justified by the following proposition. 

Proposition 3. 5. A. Let V = (M, uj, J; S) be a polarized Kahler manifold with ip^ having 
property [S). Letp[, . . . be those critical points ofip^ as chosen in \2.4\ above. Then the 
corresponding Lagrangian trace A-p C S consists of a union of r immersed (but possibly 
embedded) Lagrangian spheres one for each of the points p'l, . . . ,p'^. 

Proof. Denote by G : M \ Ap — > E the end point map of the flow Z^, namely G{x) = 
limt^oo ^^(a;). Clearly 

Ap = uucm, 

where W- = W3{X^) \ {p-} = W3{Z^) \ {p-} are the unstable submanifolds of at p-. 
We shall prove that for every z, G{Wl) is an immersed Lagrangian sphere in S. 

Denote by tt : i^s ^ S the standard symplectic disc bundle, endowed with the symplec- 
tic structure ^cUcan- Using Theorem 13 . 3 . Al we may identify {E^., -^ujcan) with (M\ A-p, u). 
We shall view from now on W- as a submanifold of E-£ and G as a map G : E^, ^ S. It 
follows from Theorem 13.3. Al that the map G coincides with projection map tt : Ej^ S. 

Denote = {v E Ej] \ \\v\\ = e}. Note that intersects Pe transversely because the 
vector field ^ is tangent to Wl- Put Lj = Wl fl P^. We claim that Lj is diffeomorphic to 
a sphere. Indeed, pick a small ball Bi C PK/ centered around p[ whose boundary dBi is 
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transverse to Z^. Taking Bi to be small enough we may assume that every flow line of 
intersects dBi exactly once. Denote by z/ : ii^s \ S — the map v{v) = ^-^^^ By our 
choice of Bi we have that u sends the sphere dBi diffeomorphically onto Li. 

Next, we claim that 7?!^. : Lj — S is an immersion. To prove this, note that for 
every x G \ S, kerP>7r^ = © iR^. Now let v = a§p + ib^ E ker Dn^ f] T^{Li). 
Since Li C P^, we have a = 0. By Lemma [2.2.AI W! is Lagrangian (it is coisotropic and 
has half the dimension of M). As ^ is tangent to Wl, we have iOca.n{-§;:,'v) = 0. But 
^can(^7'^) = buJca.ni-§;:,'i'-§p) which can vanish only if 6 = 0. Thus v = 0. This proves that 
vrlr. is an immersion. 

I -t^i 

It remains to prove that 7r(Lj) is Lagrangian. Let ^ = ker(a^|7-(p^)) be the contact 
distribution on P,. Then T(P,) = ^ © iR^,. We first claim that T{Li) C ^ Indeed, 
let f = u + ia^ G T{Li), where m G ^, a G M. As before co'canl'^^, ^) = 0, because Wl 
is Lagrangian. But ujca.niv, ^) = ai^canl^^, ^) which can vanish only if a = 0. Thus 
V = u E C,- Finally note that 

f^can = kpTT*uJ^ + (i(r^a^) = k-p{l — r^)^^^, + 2rdr A a^, 

hence Dvr sends (^, (1 — e^)co'can|g) isomorphically to (T(S), cu^,). As is Lagrangian 

in (^,c<Jcan|^) we conclude that D7i(T{Li)) is Lagrangian in (T(S), cUj.). □ 

3.6. Examples. Let us present a few explicit examples of Lagrangian traces coming from 
various polarizations. 

3.6.1. Suhcritical polarizations. Let V = (M, u, J; S) be a subcritical polarization (see l3.4|l . 
In this case V™* = 0, hence A-p = 0. 

The simplest example of a subcritical polarization consists of M = CP" endowed with 
its standard symplectic Kahler form a and S ^ CP"^^ being a linear hyperplane. The 
skeleton in this case is a point A-p = pt (see for more details). 

Another example of a subcritical polarization is M = CP" x CP"+^, r > 1, endowed 
with the split symplectic structure o" © o", and 



In this case the skeleton turns out to be an isotropic copy of CP" (see |5] for more details). 
We refer the reader to [HI for more details and examples of subcritical polarizations. 

3.6.2. The quadric. Consider the polarization V = {M,uj, J; E) with M = CP"+^ and E 
the quadric: 




^ = {^ + ■■■ + 4 



■n+l 



0} c CP^ 
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The function Lp^ : CP"'^^ \ S — M is (up to a constant factor): 

I Y^n+l 2 1 2 
2^j=0 ^3 I 



A straightforward computation shows that ip^ is Morse-Bott and dii{ip^) = MP""^^, 
where ]RP"+^ is embedded in CP""^^ as 



MP"+i = { [;2o : • • • : Zn+i] e CP"+^ I G M for every j } . 

Note also that (p^ has property (5) (seeEXIl)- Let p = [1 : : . . . : 0] G MP"+^ A 
straightforward computation shows that 

ycrit ^ = {[1 : zxi : . . . : zx^+i] | G M for every j] \ S. 

Hence the Lagrangian trace A-p C S is the following Lagrangian sphere: 

A^p = < [1 : ixi : . . . : iXn+i] Xj G M for every j, and = 1 > . 

3.6.3. Polarization of CP"" x CP". Let V = {M = CP" x CP",cj = © a, J; S) where 



n-l 



{[zo Zn], [wo-....: w„]) G CP" x CP" | ^ . 

j=Q 

A simple computation of the function (p^ show that it is Morse-Bott. It has one critical 
submanifold which is a Lagrangian copy of CP": 

A-p = {{[zo : . . . : z^], [zo : . . . : ^„-i : -z^]) G CP" x CP" | [zq : • • • : ^n] G CP"} . 

Pick p = ([0 : . . . : : 1], [0 : . . . : : 1]) G Ap. A straightforward computation shows that 

V;"* = W;{X^) = {{[zo z^], [zo : . . . : z^]) \ [zo : . . . : z^] G CP" and Zn ^ O} \ S. 

Finally, the Lagrangian trace is the following Lagrangian sphere: 

{n-l 
{[zo : ... : Zn], [zq: ... : z„]) e S | ^ 
j=0 

3.6.4. Lagrangian trace of hyper surf aces in CP""*"^. Generalizing Example 13.6.21 above, 
consider V = (M, uj, J; S) with M = CP"^^ and S the degree d > 2 hypersurface: 

^={z^ + --- + zi^^ = 0} C CP"+\ 

The function ip^ : CP"'^^ \ S — M is (up to a constant factor): 



(p^{[zo : : Zn+i]) = log 
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When d > 2 all the critical points of (p^ are isolated. The critical points of index n + 1 are 
all the points [1 : : . . . : with = 1 for every i. Denote by = W^.^ -.^i^v) 

the unstable submanifold corresponding to the critical point [1 : . . . : 1], and let 

A[i...:i] = {l^Zlip) I p G W^,._,^ \ {[1 : . . . : 1]}} 

be the part of the trace corresponding to [1 : . . . : 1] . Here is the flow defined in 13.51 
We have not managed to compute W^^. .^j nor A[i. ...i] explicitly. However we do have 
the following information on A-p. Let ^ G C be a primitive root of unity of degree d. 
For every multi-index i = (ii, . . . , i„+i) where ii, . . . , in+i ^ {0, . . . ,d — 1} denote by 
: CP"+^ ^ CP"+^ the map: 

Ri{[zo -zi Zn+i]) = [zo : f'^i : • • • : T^+'^n+i]- 

A simple computation shows that the vector field is invariant under the action of 
each of the maps R^. Therefore the unstable submanifold W^j^.^ii. coincides with 

We conclude that 

where I is the set of all multi-indices i G {0, . . . ,d — 1}"+^. In particular 

AV = |J^i(^[l-.:l])' 

hence the Lagrangian trace A-p is a union of not more than d""*"^ possibly immersed 
Lagrangian spheres. 

4. Lagrangian submanifolds and polarizations 

In this section we consider Lagrangian submanifolds of manifolds S which appear as 
hyperplane sections in some polarization V = {M,uj, J; S). Given a Lagrangian L C S 
our strategy will be to go one dimension up and construct a new Lagrangian F^^ C 
M \ E. The advantage is that, sometimes, due to the ambient geometry of M \ S it is 
easier to compute symplectic invariants of Fj;^ than those of L. The basic construction 
is presented in detail in subsection 14.11 below. Before we continue we remark again that 
all Lagrangian submanifolds are assumed to be compact and without boundary, unless 
explicitly otherwise stated. 

Let us briefly recall now the notions of monotone symplectic manifold and monotone 
Lagrangian. Given a symplectic manifold {X, uj) we denote by cf G H'^{X) the first Chern 
class of its tangent bundle (viewed as a complex vector bundle). A symplectic manifold 
{X, uj) is called spherically monotone if the following two conditions are satisfied: 
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• Ci does not vanish on tt2{X). 

• There exists A > such that for every A E 7r2(X), w^A) = \ci{A). 

Denote by Nx G Z+ the positive generator of the subgroup cf{n2{X)) C Z. We call Nx 
the minimal Chern number of {X,uj). 

A Lagrangian submanifold K C {X, uj) is called monotone if there exists rj > such 
that the following two conditions are satisfied: 

• The Maslov class of K, fi^ '■ '^2{X, K) — * Z is not zero. 

• There exists > such that for every A G 7r2(X, K), uj{A) = rifixiA). 

Denote by G Z_|_ the positive generator of the subgroup fiK{T''2{X, K)) C Z. We call 
Nk the minimal Maslov number of K. 

4.1. The Lagrangian circle bundle construction. Let V = (M, cj, J;S) be a polar- 
ized Kahler manifold. Put = uj\t(t.)- Let L C (T,,uj^) be a Lagrangian submanifold. 
Consider the standard symplectic disc bundle Ej:, — > S endowed with the symplectic struc- 
ture -^uJcan (see IH.H.l]) . By Theorem 13 . 3 . Al we can identify (i?s, -^cUcan) with {M\A-p,u!). 
Pick < e < 1, and consider the circle bundle P = {v E Ej^ \ \\v\\ = e} over S. Denote 
hj IT p : P —>■ Tj the projection. Finally define 

Tl = np\L) C P 

to be the total space of the restriction of P to L. As we shall see in a moment 

Tl C (Es \ S, ^^can) (M \ S, LU) 

is a Lagrangian submanifold. We call P^, the Lagrangian circle bundle over L. 

More generally, let V = (M, u;, J;E) be a polarized Kahler manifold and {X,uj^) be 
another symplectic manifold. Let L G (S x X, cUj, © cu^) be a Lagrangian submanifold. 
Pick < e < 1 and let P = {v E Ej^ \ \\v\\ = e} be as before. Consider now the circle 
bundle vrpxx : P x X — * S x X. Define 

Tl = TTpl^iL) cPxX. 

We claim that 

TlC xX,-^cu,an©(l-e'V^) ( (M \ S) X X, 07 © ( 1 - e ) 

is a Lagrangian submanifold. This follows immediately from the definition of cjcan (see l3.3.I|) 
since 

(^^can © (1 - e')c^x) ^ = (TTpCJ^ + 2rdr Aa^ + r^da^ © (1 - e^)LJ^) \^^p^^^ 



((1 - e'')7r*puj^ © (1 - e^)^^) |^^^^^^ = (1 - e2)7r;,,;,(a7^ © uj^) 
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Note the (1 — e^) rescaling of the symplectic structure along the X factor. Note also that 
this construction coincides with the previous one when X is a point. We shall call this 
Tl too the Lagrangian circle bundle over L. Note that depends on the parameter e 
(since P does). In fact T^s corresponding to different choices of e are not Hamiltonianly 
isotopic (even when X = pt), however they are conformally symplectic in (M \ S) x X. 
This dependence on e will not trouble us in the sequel as will be used only as an 
auxiliary object for studying the topology of L. 

The following proposition compares the Maslov classes of L C S x X and Tl G [M \ 
S) xX. We denote these classes by fii '■ 7r2(SxX, L) Z, fij-L '■ 7r2((M\S) xX, Tl) Z. 

Proposition 4.1. A. Let V = {M,uj, J]Ti) be a polarized Kdhler manifold and (X, u;^) 
another symplectic manifold. Let L C (S x X, cjj, ©cu^) he Lagrangian suhmanifold. Let 
Tl C ((M \ S) X X, © (1 — e^)uj^) he its corresponding circle hundle. Then for every 
Ae7r2(PxX, Tl), 

where i: PxX^MxXis the inclusion. Moreover, if L C (S x X, cjj, © cj^^) is 
monotone and dime S > 2 then T^ C ((M\ E) x X, © (1 — e'^)uj^) is also monotone and 
Nr, = Nl. 

Remarks. (1) Note that although C (M \ S) x X is monotone (when L is), F^ is 
usually not monotone in M x X. 
(2) It can be easily seen from the proof below that statement on monotonicity in 
Proposition 14.1.7^ remains true when dime S = 1 and P is a sub critical polariza- 
tion. Note however that the only subcritical polarization V = (M, uj, J; S) with 
dime S = 1 is M = CP^, S = CP^ where S is embedded as a projective line in 
CP2 (see [9 ). 

Proof. To simplify notation we present the proof for the case X = pt. The proof of the 
general case is very similar. 

Let A G 7r2(P, F^) be represented by u : {D, dD) (P, F^). Put u = npou : (D, dD) 
(S,L). We have to prove that /ir^(['u]) = /!/,([«]). 

Put V = M \ T, and let ^ = ker(a^|T(p^)) be the contact distribution on P. Denote by 
Xe — > S the normal bundle of S in M (viewed as a complex line bundle). Throughout the 
proof we shall also use the following notation: given a symplectic vector bundle {W, Q) 
X over a manifold X and a map v : Y —>■ X we shall write {v*W, v*Q) Y for the pulled 
back symplectic vector bundle, namely for every y eY, {v*Wy,v*Qy) = (Wy(y),Qyi^y)). 
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With these notation the symplectic vector bundle (T(y)\p,uj) is isomorphic to © 
TTpNj:,,u!\^ ©TTpcr), where a = uj\n^. Now, 

(1) {u*T{V),u*uj) = {u*^ © u*7r*pNj:, u*iu\^ © u*7i*pa) ^ 

= (u*T(S) © u*TT*pN^, (1 - e2)u*cjs © u*n*pa), 

where the last isomorphism follows from the fact that (^,ct;|^)= (7rpT(S), (1 — e^)7rpC(jj,) 
and u*n*p = u*. 

Consider now the loop of Lagrangian subspaces 

X{t)=Tm){TL)cTm){V), tedD. 

In a compatible way to the symplectic isomorphism we have the following isomorphism 
of Lagrangian subbundles over dD: 

(2) A(t) = T„(t)(L)©rji(,), 

where r C T{P) is the subbundle r = i^-§^- The Maslov index of the loop of Lagrangian 
subspaces {Tu(t)}tedD C (u*npNY:,u*TTpa) is because the bundle r is globally defined, 
hence this loop extends to the disc D. Thus by (j21), yUri([2]) equals the Maslov index 
of the loop {Tu(t){L)}t£dD C (^u*T{T.),u*uj^) which is exactly ixl{[u])- This proves the 
equality of the Maslov indices. 

Now suppose that dime S > 2. Put n = dimcM. As A-p C M has dimension at most 
n and n > 2 we have by a general position argument that 

But vTp^ : 7i2{P, Tl) — ^ 7r2(S, L) is an isomorphism. By the equality of Maslov indices just 
proved it follows that is monotone if and only if L is monotone and moreover that 
Nr, = Nl. □ 

4.2. Displaceable Lagrangian submanifolds. Let (S, tUj,) be a closed symplectic man- 
ifold. We say that {T,,uj^) participates in a polarization V if it can be embedded in a 
polarized Kahler manifold V = (M, u, J; S) in such a way that = uj\y.. 

Recall that given a polarization V = (M, uj, J; S), (M \ S, J, ip^) is a Stein manifold. 
Denote by tD the symplectic structure associated to the completion of this Stein manifold 
(see Section f2.1l and Remark I2.1.C|) . Given a Lagrangian submanifold K we denote by 
HF{K,K) the Floer homology of K with itself (see Section IH)). 

Theorem 4. 2. A. Let {T,,uj^) be a symplectic manifold that participates in a suhcritical 
polarization V = {M,lj, J]T,) . Let {X,lj^) be another tame symplectic manifold. Let 
L C (S X X, cUj, © cij^y) be a Lagrangian submanifold. Then there exists a compactly 
supported h G Ham((M \ S) x X, cD © cj^) such that /^(Fl) fl F^ = 0. In particular, if L 
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is monotone with Nl > 2 then HF^Tl, Tl) = 0. Here the Floer homology is computed in 
{M\T)x X (not mM xX). 

Remark. The Floer homology HF{rL, Tl) when computed in (M \ S) x X with either of 
the symplectic structures c<j © (1 — e^)uj^ or cD © (1 — e^)u;^ is the same. This follows from 
convexity at infinity of M \ S. See |8j for more details on this type of argument. 

Proof of Theorem \4.2.A\ Put V = M \ T,, and denote by Q the symplectic structure 
associated to the completion of (y,J,ip^). since V = (M, cu, J;S) is subcritical there 
exists a subcritical exhausting plurisubharmonic function ip : V ^ M. such that (V, J, ip) 
is complete too (see Section and Lemma f2.1.A|) . By Lemma [2.1. Bl {V,u}) and (VjCU^) 
are symplectomorphic. 

Denote by pry : V x X V the projection. It now follows from Lemma I2.3.AI that 
there exists a compactly supported h' G Ham{V,u)) such that h'{pYy(TL)) npiyiTL) = 0. 
Let h = h'xlx: VxX^VxX. Clearly h{rL) n = 0. If necessary one can 
Hamiltonianly cut off Ix, in case X is not compact, in order to obtain a compactly 
supported h. 

The statement on Floer homology follows immediately because by Proposition I4.1.AI 
whenever L is monotone is monotone too and N^^^ = N^. (Note the second remark 
after the statement of Proposition 14. 1 . Al for the case when dime S = 1.) □ 

Theorem 4.2.B. Let (S, u^) be a symplectic manifold that participates in the polarization 
V = (M, cu, J;S) with property (S) (see Let (X, u;^) he another tame symplectic 

manifold and L C (S x X, cUj, © uo^) a Lagrangian submanifold. If L (1 (A-p x X) = 0, 
then there exists a compactly supported h G Ham((M \ S) x X, cD © (1 — e'^)uj^) such that 
/i(F/^) n Fi = 0. In particular, if in addition dim^ S > 2 and L is monotone with > 2 
then HF{Tl,Tl) = 0. Here the Floer homology is computed in (M \ S) x X (not in 
M X X). 

Remark. Theorem I4.2.BI generalizes Theorem 14 . 2 . Al since iiV = (M, cu, J; S) is a subcrit- 
ical polarization then A-p = 0. 



Proof of Theorem \4.2.B\ The proof is similar to the one of Theorem I4.2.A1 The only 



additional point is that, due to the assumption that L fl (Ap x X) = 0, we have that 
Tl lies in the complement of V'^"* x X. Indeed, due to Lemma f2. LAI the Stein manifold 
(M\S, ip^) can be made complete in such a way that ip^ is not altered in a neighbourhood 
of pr^j(Fi), where pr^^j : M x X — > M is the projection on M. Therefore, F^ continues 
to lie in the complement of V™* x X in ((M \ S) x X, cD © (1 — e'^)uj^). The Hamiltonian 
displacement along the M \ S factor follows now from Lemma I2.4.AI □ 
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5. Computations in Floer homology 

In this section we summarize necessary facts from Floer theory for monotone Lagrangian 
submanifolds. This extension of Floer's work was developed by Oh In section 
we describe a spectral sequence which converges to the Floer homology of a Lagrangian. 
This spectral sequence is based on the theory developed by Oh j^Sl however our 
construction is somewhat different. We refer the reader to jTHl UHl ED ESI E21 EZI for more 
details on Floer theory. 

Let {M,u) be a tame symplectic manifold (see 0, chapter 10), and let L C {M,lj) 
be a monotone Lagrangian submanifold with Nl > 2. In this situation one can define 
the Floer homology of L which is an invariant of the Hamiltonian isotopy class of L. Let 
L' = (t>{L), (f) G Ham(M, u;), be a Hamiltonianly isotopic copy of L, and assume that 
L ftl L'. Let 

CF{L, L') = Z2X 

xeLnL' 

be the vector space over Z2 spanned by the intersection points of L Ci L'. One defines 
a differential dj : CF{L, L') CF{L, L') by choosing an almost complex structure J 
and counting Floer trajectories (pseudo-holomorphic strips) connecting pairs of points of 
LnL'. The homology of dj, denoted by HF{L, L'; J) is called the Floer homology of the 
pair (L, L'). 

The Floer complex CF{L,L') has a (relative) Tj/Nl grading. This grading depends 
on a choice of a base intersection point xq & L (1 L' . Different choices of such a point 
yield a shift in the grading. Once Xq is fixed we denote by CF'^ ^^\L, L'; xq) the i'th 
(modNL) component of CF. An index computation (see P2|) shows that the differential 
dj increases grading by 1, dj : CF*^'^°'^ ^^\L, L'; xq) CF*+^^'^°'^^^\L,L';xo). Thus 
the Floer homology 

HF{L,L';J) = HF'^'^°'^^^\L,L';J,Xo) 

1=0 

has a 1j/Nl grading. Again, this grading is relative as different choices of the base point 
Xq result in a shifted Ij/N^ grading. Note that there exists a more sophisticated approach 
to grading, due to Seidel [Slj, which overcomes the relativity problem. 

The main feature of the Floer homology is its invariance under the choice of L' (and 
of J), namely, for every L" = ip{L), ip G Ham(M, cu), intersecting L transversely and 
any generic almost complex structures J', J" there is an isomorphism HF{L, L'; J') = 
HF{L, L"; J"). Moreover, this isomorphism preserves the Z/Ni grading up to a shift. 
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namely for given choices x'q & L H L' and Xq & L (1 L" there exists s such that 



Finally, in case L,L' do not intersect transversely we define HF{L,L') = HF{L,L'^), 
where L[ is a small Hamiltonian perturbation of L' with L'^ rtl L. 

5.1. The case of HF{L,L). Let be a perturbation of L built in a Weinstein neigh- 
bourhood U of L using a C^-small Hamiltonian Morse function / : L — M. Assume also 
that / has exactly one relative minimum xo- Denote by Cj the Morse complex of /. We 
shall use xq as a base intersection point for the Floer complex. From now on we shall 
drop J and Xq from the notation of the Floer complex and Floer homology and simply 
write CF = CF{L,L,), d = dj and "^"^^ = HF<'^°'^^^\L,L] J,xo). It is shown 
in [nni that 

j=i{ mod A''^) 

As d : CF<'^°'^^^^ (jp*+i{modNL) pg^j^ ^^j^g ^ ^ Ejez'S'j where 9^ is an operator 
dj : C'j- (j*+^-i^L ^ index computation shows that dj = for every j < and, due 
to dimension reasons, dj = also for every j > u, where u = [ '^"^^^"^ ]- Thus 

d = do-\ \-du. 

Roughly speaking do counts the Floer trajectories that lie in the small neighbourhood U 
of L, while di, . . . ,di, count the "fat" trajectories which go out of W. Oh proves in [331 that 



(for suitable choices of J and Riemannian metric on L) the operator do : Cj ^ Cj'^^ can 
be identified with the Morse complex differential, hence H*{Cf,do) = H*{L]7j2)- (Note 
however that dj, j > 1, are not differentials in general, namely dj o dj may not be zero.) 

5.2. A spectral sequence. We shall now present a spectral sequence which enables to 
calculate the Floer homology HF{L,L) using the operators di,. . . ,d^. We continue to 
use the shortened notation omitting J and xq in CF, d and HF. 

Let A = Z2 [T,T~^] be the algebra of Laurent polynomials over Z2 in the variable T. 
We define the degree of T to be N^. Thus 



A = ^A\ where A' 



ZaT^/^^ i = O(modA^L) 
othewise 



Set C = Cf ^ A, namely 



= C}"'"^^ ® A'^^^ , for every / G Z, 
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and let d : C* ^ he d = do (S) I + di (g) r + ■ ■ ■ + (g) t", where t' : A* ^ ^*+iJVL jg 
multiplication by T*. A simple algebraic computation shows that: 

(1) dod = 0. 

(2) H\C,d) ^ iYF'^"^"^^^) for every / G Z. 

Next we define a decreasing filtration ■ ■ ■ C F^+^C C F^C C F^^^C C ■ ■ ■ on For 
every p G Z let = ©;j>p A'^^^ be the space of Laurent polynomials of the form 
E,>p«fcT^ Define 



FPC = C®Ap, namely F^C' = C}"'^^^ A^^^ for every p, / G Z. 

fc>p 

Note that since Cj = for every j > dimL and j < 0, the filtration F^C is bounded. 
Denote by {E^''^, dr} the spectral sequence defined by this filtration. 

Theorem 5. 2. A. The spectral sequence {E^''^,dr} has the following properties: 

(1) E^''' = Cf^-^^^ ® do = 9o ® 1. 

(2) Ef'" = HP+'i-P^^iL; Z2) (g) AP^L, di = [di] ® r, w/iere 

[^i] : HP+'^-P^^mZ2) ifP+^+^-(P+^)^^(L;Z2) 
zs induced from di . 

(3) For every r > 1, EP'^ has the form EP'" = 1//'" (g Ap^^ with 4 = 5r ® where 
yP''^ are vector spaces over Z2 and 6r are homomorphisms 6r '■ VP''^ — > YP+r,q-r+i 
defined for every p, q and satisfy 6r o Sr = 0. Moreover 



p,, _ ker(^, : V^-^ ^ yp+r,g-r+l^ 



image (5, : Vr'''""-' ^ K?'^) ' 

^For r = 0,lwe have ^f'" = Vl'" = RP+^-P^^m Z^).) 

(4) {F^''^, (ir} collapses at the z/ + 1 stejj, namely dr = /or every r > z/ + 1 ('and so 
j^P,q — £jm Jqj- every r > u + 1). Moreover, the sequence converges to HE, i.e. 

F^« ^ HF^^ for every / G Z. 

P+g=l 

(5) For e^iery p G Z, 0^^^ F^« = i/F. 

Remarks. (1) Our filtration F^'C is different than the filtration used by Oh I32j . 
The filtration used by Oh comes from the following filtration on the singular co- 
homology of L: J^pH*{L]Z2) = 0Q<^.<^_p Z2). Thus the spectral sequence 

in [nni in2| is different than ours. 
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(2) Semi-rigorous arguments suggest that the spectral sequence is multiphcative in 
the following sense. For every r > 1 we have a product E^''^ ® E^'''^' i^p+p''9+'?' 
and the differential dr satisfies Leibniz rule with respect to this product. Moreover 
the product on Ei comes from the cup product on the cohomology H*{L] Z2). 

Taking the product structure in consideration in combination with the other 
techniques of this paper should lead to new restrictions on the topology of La- 
grangian submanifolds. 

Proof of Theorem \5.2.A\ Most of the proof is purely algebraic and follows from the basic 
construction of a spectral sequence associated to a filtered complex. For the readers 
who are not familiar with spectral sequences we shall now give a brief summary of this 
construction. More details can be found in any basic text on spectral sequences. Below 
we follow the conventions of j2E]- 

Let (C, d) be a complex with a decreasing filtration F^C, p G Z. (We write the ~over 
C and d to be consistent with the notation of our theorem.) Assume further that the 
filtration is bounded, namely for every / G Z, there exist s = s{l), t = t{l) such that 
F'C^ = and F'C^ = &. 

Define for every p, g G Z and r > — 1: 

• = {x G ^^(5^+9 I dx G FP+'^C'P+'+i}, 

• BP^t = {x G FPCP+'i I X = dy, with y G Fp-'^C'p+'?-1}, 
. EP'" = ZP'V(^r!''"' + 

• ZP^i = {xe F'PCP+'i I cix = 0}, 

• BP^ = {xe FPCP+'' \ x = dy}, 

• EP'" = ZP'y(ZP+^'''~^ + BP'''). 

00 00 / V CO ' 00 I 

A simple computation shows that d maps Z^"'^ into g^j^^ moreover it descends 

to a homomorphism dr : E'P:'^ j^p+r,q-r+i g^^j-^ ^j-^g^^ ^]-^g following diagram commutes: 



Zpp,q ) Tpp+r,q-r+l 

r r 

Here the vertical arrows are the canonical projections. As o d = we have dr o dr = 0. 
Denote by FPH{C,d) the induced filtration on the homology of {C,d), namely 

FPH\C,d) = lmage{H\FPC,d) H\C,d)). 

Note that FpH{C, d) is also a bounded filtration. 

The fundamental features of the above construction are the following (see [2E]): 
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(1) The homology of {E;'*,dr) is isomorphic to E*'*^, namely H{E;^\dr) = E*'*^. 

(2) Ef''^ ^ HP+i{FPC/FP+^C). 

(3) EP^^ ^ FPHP+'i{C,d)/FP+^HP+^{C,d). 

(4) For every p, q there exists Tq = ro(p, g) such that Ep^ — EP''^ for every r > Tq. 

If our complex C consists of vector spaces then summing up Fp H\C , d) / F^^^ H\C , d) 
over allp's gives us an isomorphic copy of H\C, d), hence by (3), 0p_,_^=; EP;^ = H\C, d). 

We now turn to the proof of our theorem, applying the above construction to our 
complex. A simple computation shows that 

Thus in our case E^'"^ = q^+i-p^l ^ ^piv^^ . pP,q _^ pP,q+i -^^^ do^l. This 

proves statement 1. 

To see 2, write elements x e pvCP^^ as finite sums x = J2j>o-'^p+<i-(p+j)NL ® Tp~^^ , 
where a;p+g_(p_|_j)iv^ e C^^^ ^ simple computation shows that: 

i>o 

where Zao(Cf^-^^^) = Ker(ao : Cf""^"^^ ^ ^p+«+i-piv^)_ Moreover we have: 

(1) Zo^+''^-^= 

(2) B^''' = d{FPCP+^-'). 

It follows that + fi^''' = 9o(C;+''-'-^'^^) ® AP^^^FP+'CP+'i. Thus 

^ zf'V(Z^+^'^-^ + B^'^) = RP+^-P^'^m Z2) (g) A^'^^ 

To compute di, let us describe d : Zf'^ — > Zf"*"^'^. Write an element x e Zf'* as 

X = Xpj^q-pN^ ® TP + a;p+g_(p_|_i)7Vi ® 2"^+^ -|- x , 

where ao(xp+q_pjVi) = and x' e F^'+2Cp+'?. Then 

dx = (9i(xp+q_j,jvz.) + 9o(xp+q_(p+i)iv^) + dx'. 

It follows that di : Hp+i-p^^{L;Z2) ® ^^^^ ^ //P+i+9-(P+i)^i(L; Z2) ® ^(J'+i)^^ has the 
form [di] ® T, where is induced from di. This completes the proof of statement 2. 

Statement 3 follows immediately from statement 1 by induction on r. Indeed, note 
that A^^^ is 1-dimensional for every j. Thus the homomorphism dr : V^''^ (8) A^^^ — > 
YP+r,q-r+i ^ ^ip+r)NL \)q of the form dr — Sr <^ t'^ where 5r is a homomorphism 

V^'^ — > l/P"*"'"'^"'^"'"^. As o c^r = we also have 5ro5r — 0. Moreover, the homologies of 
dr and of 5r are related by //(l^-^ (g) d^) = //(V7'«, 5^) ® A^^^. 
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To prove statement 4, note that statement 1 implies that for every r, E^''^ ^ only 
if < p + q — pNi < dimL. Let r > u + 1 and < p + q — pNi < dimL. As 
dr : EP''^ ^p+r,q-r+i jg gnough to show that (p+r) + (g-r+l)-(p+r)A^i < 0, i.e. that 
p + q — pNi + 1 — rNi < 0. But this is immediate because rN^ > (z/ + 1) A''^, > dim L + 1. 
The second part of statement 4 follows from the general theory of spectral sequences 
outlined at the beginning of the proof and the fact that H\C^ d) = HF'^^ 

Finally, statement 5 follows from the following symmetries of the spectral sequence 
which are easy to check: 

(1) d O T = T o d. 

(2) = T^ZP'"), BP+^'''+^L~^ = t{BP''^) for every p,q,r. 

(3) ^^+1-3+^^-1 = TiEP^") for every p, q. 

□ 

6. Proof of the main results 

Proof of T/ieoremHl Since Hi{L; Z) is 2-torsion it is easy to see that L C CP" must 
be monotone with Nl = k{n + 1) for some A; G N. 

Consider the polarization V = (M = CP"+^,(7, J; S = CP") where a is the standard 
Kahler form on CP"^^, J is the standard complex structure and S C CP""^^ is a linear hy- 
perplane. By Example 13.6.11 P is a subcritical polarization. Put V = M\I1 and consider 
the Lagrangian circle bundle P/, C V" as constructed in Section UTTl By Proposition 14. 1 . Al 
Pl is monotone and A^rj, = A^^ = k{n + 1). By Theorem I4.2.AI we have HF{Tl, T l) = 0. 

We now claim that Ny^ = n + 1 (namely k = 1). Indeed, if > 2 then, due to dimension 
reasons, d = (9o, hence HF{Tl,Tl) = 0"+o^ //'(Pl; Z2) ^ 0. Contradiction. This proves 
that A'pi = n + 1, hence d = do + di. 

Let {E*'*,dr} be the spectral sequence of Section By Theorem 15 . 2 . Al the sequence 
collapses at stage r = 2, hence E2* = . . . = E^ = 0. In particular, the following sequence 
is exact: ■ ■ ■ E^'''' ^ E'{'' X eI''^ ■ ■ ■ . Substituting E^'' = RP+'^-p''^ l {T Z2) ® 
AP^^L , di = [di] (g) r we obtain: 

H\Tl;Z2) = H^+\Tl;Z2) =Z2, 
if"(Pi;Z2) =if°(PL;Z2) = Z2, 
H\Vl] Z2) = for every I < i < n. 

In order to recover the cohomology of L itself we use the Gysin sequence of the circle 
bundle ^ L. Note that the second Stiefel- Whitney class of the vector bundle corre- 
sponding to Pl ^ L is just a = a|i G H'^{L; Z2), where a £ i7^(CP"; Z2) is the generator. 
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Next note that Hi{L; Z) cannot be since if it were than A''^, = 2{n + 1). Thus Hi{L; Z) 
is a non-trivial 2-torsion group hence H^{L; Z2) 7^ 0. 

Substituting this into the Z2-coefficients Gysin sequence we obtain that H^L; Z2) 
iJ*^^(L; Z2) is an isomorphism for every < i < n — 2 and that H^{L; Z2) = if ^(F^,; Z2). 
But H^ITl] Z2) = Z2 hence we conclude that H^L; Z2) = Z2 for every < i < n, which, 
additively, is precisely the Z2-cohomology of MP". 

Finally, suppose that n is even, say n = 2m. Denote by /3 G H^{L; Z2) the generator. 
We have seen that p U a""-^ ^0 E H"^^{L; Z2). By Poincare duality, pUpU a^^^ 7^ 
G H"-{L; Z2), hence /? U /? 7^ 0. Therefore PU P = a, and it follows that P generates the 
cohomology ring of L, exactly as for MP*^. □ 

Proof of Theorem\E Consider CP"xX C CP"+i xX, and let Fl C (CP"+^\CP") x 
X be the Lagrangian circle bundle corresponding to L C CP^ x X. By our assumptions 
on L and on X, L is monotone and Nl = 2{n + 1). By Proposition 14. 1. Al F^ is monotone 
too and A^r^ = 2(n + 1). (See the second remark after Proposition I4.1.A1 for the case 
n = 1.) 

The rest of the proof is very similar to that of Theorem ^ From Theorem I4.2.AI we 
obtain ifP(Fi,Fi) = 0. Then a similar computation via the spectral sequence gives: 

i7i(Fi;Z2) = i/2"+2(Fi;Z2)=Z2, 
ii2"+i(ri;Z2) = //°(Fl;Z2) = Z2, 

H'{Tl; Z2) = for every 1 < i < 2n + 1. 

The proof now continues in the same way, using the Gysin sequence, only that now 
H^{L; Z2) = 0. This implies that H^{L] Z2) = for every < i < 2n + 1, which is exactly 
the Z2-cohomology of S"^""*"^. □ 

Proof of Theorem\n Since Hi{L; Z2) = 0, it is easy to see that L C CP" x CP" is 
monotone with Nl = 2{n + l). Consider CP" x CP" C CP"+^ x CP" and let Tl C 
^([^pn+i y (j^p"^ X CP" be the Lagrangian circle bundle over L. By Proposition l4.1.At F^ 
is monotone too and A^r^ = 2(n+l) (see the second remark after Proposition 14 . 1 . Al for the 
case n = 1). By Theorem 14. 2 . Al we have HF{ri, T^) = 0. As in the proof of Theorem 1X1 
the spectral sequence {E*'*,dr} collapses at stage r = 2, hence E2* = . . . = = 0, 
and we obtain the following exact sequences for every g G Z: 

. . . ^g-l+A'r, (r^. jj.^Yl; Z2) ^ H^+^-^'^L (r^; Z2) ^ ■ • • 

As dim Fi = 2ra + 1 and A^r^ = 2n + 2 we get -ff*(Fi; Z2) = for every < i < 2n + l and 
H^{Vl] ^2) = -ff^"^^(FL; Z2) = Z2. Substituting this into the Gysin sequence of the circle 



bundle Fl ^ L we obtain that H%L;Z2) ^ H'+'\L;Z2) is an isomorphism for every 
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< i < 2n — 2, where a G H^{L; Z2) is the second Stiefel- Whitney class of the vector 
bundle corresponding to Tl — > L. It follows that i7*(L; Z2) = Z2 for every i = even and 
H^{L] Z2) = for every i = odd. Moreover, a G i7^(L;Z2) clearly generates the algebra 
H*{L] Z2), exactly as for /7*(CP"; Z2). 

Finally, it is easy to see that a = a|i where a G H'^{CP"' x CP"; Z2) is the generator 
of of any of the factors of CP" x CP". (As L is Lagrangian, it does not matter which 
factor we take.) □ 

Before we go on to the proofs of the rest of the theorems we shall need the following 
proposition. 

Proposition 6. A. Let {¥"^^,00) be a tame symplectic manifold of dimension k > 2 
and C {V'^^^uj) a monotone Lagrangian suhmanifold with Nk > 2. Suppose that 
HF{K,K) = 0. Then: 

(1) If K IS a Z2-homology sphere, namely H*{K; Z2) = H*{S''; Z2), then Nxlk + l. 

(2) If H\K; Z2) ^ 0, H\K;Z2) = for every i ^ 0, 1, A; - l,k, and k>3, Nk>3, 
then Nk \ k. 

Remark. The cohomological condition in statement 2 is satisfied whenever K is a circle 
bundle over a sphere of dimension > 3. 

Proof of Proposition \67^ We start by proving the second statement. Consider the 
spectral sequence {E*'*,dr} of Section EH Note that since dimi^' = k, ^^-'"''=+''-1 = for 
every r > 1. Therefore at the r'th step the differential dr behave as follows: 

Since HF{K, K) = 0, by Theorem I5.2.AI (statement 5) we have = 0. On the other 
hand E^''' = H^[K]'L2) 7^ 0. Denote by Tq the minimal r > 1 for which dr : E^'^ 
^r,k-r+i g_ foUows from Theorem IKX^ and © that = H^{K; Z2) and the 

homomorphism 

dro = Sro ® r'-° : H\K; Z2) ® A° ^ v;;°'^-"°+^ ® A"^"^^' 

is not 0. As W{K; Z2) = for every i ^ 0, 1, A; - 1, fc, we have -l/^^cfc-ro+i g only if 
ro - roNK + A; - tq + 1 G {0, 1, - 1, k}. As Nk> 3 it follows that: 

(1) Either k + 1- tqNk = 1, hence Nk \ k; 

(2) Or + 1 - roNK = 0, hence A^i^ | A; + 1. 

Since H\K;Z2) ^ 0, = H^-\K;Z2) ® A° is also not by Poincare duality. 

Applying the same arguments as above this time to 
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and denoting by ri the minimal r > 1 for which dr : E^'^ ^ E^''' ^ is not we obtain: 

(1') Either k - nNx = 0, hence Nk \ k; 
(2') Or k- tiNk = 1, hence A^^ | A; - 1. 
Comparing cases (1),(2) with (r),(2') above we conclude that the only possibility is 

The proof of statement 1 is similar (and actually simpler). □ 

Proof of Theorem\^ Put m = dimcX. We shall first assume that n + m > 3, i.e. 
that dimL > 3. 

Embed CP" x X C CP"+i x X and let Tl C (CP"+i \ CP") x X be the Lagrangian 
circle bundle over L. As in the proof of Theorem El L and Tl are both monotone with 
Nl = Nr^ = 2n + 2. (Note that L being a sphere of dimension n + m > 3 is simply 
connected.) By Theorem lOIXl HF{rL,rL) = 0. 

As r^, is a circle bundle over a sphere of dimension > 3 we have H^ITl, Z2) 7^ and 
H^(rL]7j2) = for every i 7^ 0, 1, n + m, n + m + 1. Note also that > 4. By 
Proposition 16. At 2n + 2\ n + 'm + loT equivalently m = n + l(mod2n + 2). 

It remains to deal with the case n + m = 2, namely L being a Lagrangian sphere in 
CP^ X X where dimcX = 1. We claim that this is impossible under the assumptions of 
the Theorem. Indeed, vr2(X) = hence the homotopy class [L] E tt2{CP^ x X) = 7r2(CP^) 
comes entirely from (CP^). But ^^([L]) = hence [L] = which is impossible since a 
Lagrangian 2-sphere must have self-intersection —2. □ 

Proof of Theorem ^ Theorem lEl is a special case of Theorem 17 . Al which will be proved 
in Section [7| below. □ 

Proof of Theorem E The proof is very similar to that of Theorem IDJ only that now 
NL = 2gcd{n + l,NM). □ 

Proof of Theorem\^ Consider the polarization V = {M = CP"+\ a, J; S = Q"), 
where S = is the quadric. By Example 13.6.21 the Lagrangian trace is exactly the 
Lagrangian sphere Ag C S. 

Let L C S be a Lagrangian submanifold with iJi(L;Z) either or a non-trivial 2- 
torsion group, and assume that L fl Ag = 0. The minimal Chern number of S is n, 
hence Nl = kn for some A; G N. Let C M \ S be the Lagrangian circle bundle over 
L. By Proposition I4.1.A| Nr^ = Nl = kn. We first claim that k = 1. Indeed, by 
Theorem I4.2.B[ HF^TljTl) = 0. Hence, ii k > 2 then since n > 3 all the differentials 
dr '■ E*'* —>■ of the spectral sequence must vanish for every r > 1 which is 

impossible since E^ = and El'* is not 0. This proves N-p^ = = n. Note that this 
implies that Hi{L; Z) 7^ 0, for otherwise Nl would be 2n. 
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By dimension reasons we have d = do + di, hence E2* = = 0. Following the 
differentials in the spectral sequence we obtain from Theorem I5.2.AI the following exact 
sequences for every g G Z: 

(4) i/^-'+"(ri; Z2) ^ H'^{Tl; Z2) ^ i/^+'-"(rz.; Z2). 

Assume first that n > 3. From Q we obtain: 

H^Tl; Z2) - H^^^Tl; Z2) = Z,, H^^'^Tl, Z,) - H^Tl, Z2) = Z2, 

and H^ITl] Z2) = for every 2 < z < n — 1. 

Consider now the Gysin sequence of the circle bundle Tl L. The first Chern class 
of the normal bundle Ny,/m is Ci^^'^' = 2a\j] where a E if^(CP"^^;Z) is the positive 
generator. Therefore the second Stiefel- Whitney class of the vector bundle associated to 
Tl ^ L is 0. From the Gysin sequence we get H'^{L; Z2) = for every 2 < i < n — 2, as 
well as the following exact sequence: 

^ H'^m Z2) ^ Z2 ^ H\L; Z2) ^ 0. 

Since Hi{L] Z) 7^ is 2-torsion we conclude that H^{L] Z2) 7^ 0. (Actually this follows 
also from the fact that A'^^: = and Nq = n.) It now easily follows that H^{L; Z2) = Z2 
and that H^{L; Z2) = 0. This proves that H*{L; Z2) = A*q. 

Assume now that n = 3. From (j3)) we obtain H^{Tl] Z2) = Z2 © Z2. Using the Gysin 
sequence and similar arguments to the preceding ones we obtain H\L; Z2) = Z2 for every 
< z < 3, hence H*{L; Z2) = A*q. 

Remarks. (1) Using the multiplicative structure of the spectral sequence (see the sec- 
ond remark after Theorem l5.2.Ajl . it seems that the following should hold for 
n = 3: if a G H^{L; Z2) is the generator then a U a = 0. 
(2) The same proof as above with small changes actually shows that if L C Q", n > 3, 
is a monotone Lagrangian submanifold with Ax, = n then either i7*(L; Z2) = Aq 
or L n Aq 7^ 0. 

□ 

Proof of Theorem^^ Throughout the proof we set S = SJJ. Consider the polarization 
V = {M = CP"'~^^,a, J; S). By Example 13 ■6.41 the Lagrangian trace A-p C S consists of 
at most c?""'"^ immersed Lagrangian spheres. 

Let L C S be a monotone Lagrangian submanifold and suppose that L fl A-p = 0. Let 
Tl C CP"^^\S be the Lagrangian circle bundle over L. By Theorem l4.2.Bl HFlTi, Tl) = 
0. 
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To prove statement 1 assume first that 2d < n + 1 and let L C S be a Lagrangian 
submanifold with ifi(L;Z) = 0. A simple computation shows that Nl = 2(n + 2 — d) 
hence A^^^: > n + 3. As dimF^ = ra-l- 1 it follows that the Floer differential is d = do, hence 
HF{rL,TL) = H*{Tl]Z2) 7^ which is a contradiction. This proves that L n Ap 7^ 0. 
The second part of statement 1 (i.e. d> |(n + 1)) will be treated towards the end of the 
proof. 

To prove statements 2 and 3, assume that 2d < n + 1 and that Hi{L] Z) is 2-torsion. 
A simple computation shows that Nl = k{n + 2 — d) for some k eN. We first claim that 
k = l. Indeed, if A; > 2 then A^^ > n + 3 and we would obtain HF{Tl, Tl) = H*{Tl; Z2) 
contradicting the vanishing of Floer homology. Thus A^^ = n + 2 — d. As 2d < n + 1 
we have d = do + di and so E2* = = 0. Following the differentials of the spectral 
sequence we get: 

(5) H'^^^Tl; Z2) = . . . = H'^-^iTL, ^2) = 0, 

H\Tl; Z2) = H''-'^+^+\Tl; Z2), for every < t < d. 

Consider now the Gysin sequence of F^ L. Note that the second Stiefel- Whitney 
class w of the vector bundle corresponding to F^^ — > L is da\L G if^(L;Z2) where a G 
if^(CP""*"^; Z2) is the generator. When d = even we have w = 0, hence the Gysin sequence 
gives the exact sequence: 

^ H\L; Z2) H\Tl; Z2) ^ H''\L; Z2) ^ for every i. 

Combining with (jH)) we obtain H^{L; Z2) = for every d < j < n — d. Moreover, we have 
Pi{L) + = Pi{TL). By (0) and Poincare duality we have Pd-iiXL) = PiO^i) for 

every < i < d, hence 

Pi{L) + Pi^iiL) = l3d-i{L) + l3d^i^i{L) for every {]<i<d. 

Putting i = we obtain I3q{L) = (3d-i{L) (because (3d{L) = 0). Next, (3i{L) + (3o{L) = 
Pd~i{L) + Pd-2{L), hence Pi{L) = i3d-2{L). Continuing by induction we obtain Pi{L) = 
(3d-i-i{L) for every < i < c/ — 1. 

The statement for d = odd follows at once from (0) and the fact that the Stiefel- Whitney 
class w = da\L equals a\L since d is odd. 

Statement 4 follows easily from statement 2 of Proposition 16. Al applied to F^,. 

To prove the second part of statement 1 and statement 5 we shall use an extension 
of Floer homology for so called strongly negative Lagrangian submanifolds, due to Laz- 
zarini [23]. Let K C {V,uj) be a Lagrangian in a tame symplectic manifold. K is called 
strongly negative if there exists A < such that fix = A[cj] on 7C2{V,K) and in addition 
the following conditions are satisfied: 
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(1) cY{A) < 2 - dime V for every A e 7T2{V) with u{A) > 0. 

(2) fiK{A) < 2 - dime V for every A G 7T2{V, K) with uj{A) > 0. 

Under these assumptions the Floer homology HF{K, K') is well defined for every La- 
grangian K' which is Hamiltonianly isotopic to K and moreover 

HF{K, K) ^ HF{K, K') ^ H*{K] Za). 

The reason for this, roughly speaking, is that under the above negativity assumptions 
there are no J-holomorphic spheres or discs with boundary on K for generic almost 
complex structure J . Hence, the Floer differential for CF{K, K) is the Morse-homology 
differential d = Oq. The non-existence of spheres and discs is due to negative dimension of 
the moduli spaces of J-holomorphic spheres and discs. For the dimension formulae to hold 
one has to work with regular almost complex structures J. Regularity may be achieved 
by generic perturbations of J as long as the J-holomorphic discs/spheres in question are 
somewhere injective (see |2H1)- Thus an essential ingredient in applying the dimension 
argument is a procedure which enables to extract a somewhere injective disc from a given 
pseudo-holomorphic disc. Such procedures have been developed by Lazzarini |23] and by 
Kwon and Oh j^^. 

Coming back to the proof of the second part of statement 1, assume that d> |(n + 1), 
and n >3. Note that since Hi{L; Z) = we have fii = 2{n + 2 — d)[uj^]. As n + 2 — d < 0, 
for every A G 7r2(S, L) with uj^{A) > we have ij,l{A) < 2{n+2-d). By Proposition l4.1.AI 
for every A G 7r2(CP"+^ \ S, F^) with uj{A) > we have firA^) <2{n + 2-d). But since 
c? > |(n + 1) we have 

2{n + 2- d) <2- (n + l) = 2- dimc(CP"+^ \ S). 

Thus Tl C CP"+i \ S is strongly negative. It follows that i7F(Fi,Fi) = H*{Tl-Z2) 
which contradicts the vanishing of Floer homology. This proves that L fl A^^ 7^ 0. 

We turn to the proof of statement 5. Since Hi{L] Z) is t-torsion and n + 2 — d < we 
have /iL(v4) < ^("-+^^~'^) for every A G 712(2, L) with uj^A) > 0. By our assumption that 
d > + n + 2 and Proposition ETH for every A G 7r2(CP"+^ \ S, Tl) with uj{A) > 

we have /iri,(^) < "^i^+^-d) ^ -|^_^ _ 2 — dimc(CP"+^ \ S), hence F^ is strongly negative. 
The rest of the proof is very similar to the preceding arguments. □ 

Proof of Theorem\^ Consider the polarization V = (M = CP" x CP'", to = a (B 
a, J; S). By Example 13 . fi . HI the Lagrangian trace is exactly the Lagrangian sphere As. 

Let L C S be a Lagrangian submanifold with Hi{L; Z) = and suppose that LflAs = 0. 
A simple computation shows that L is monotone with A'^^: = 2n. Consider the Lagrangian 
circle bundle F^, — > L. By Proposition 14. 1. Al F^ C (CP" x CP") \ S is monotone too and 
Nr^ = Nl = 2n. By Theorem P3b1 HF{Tl, Tl) = 0. 
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In a similar manner to the proofs of Theorems El and El we recover the cohomology of 
Tl via the spectral sequence, obtaining: 

H^^iTL, Z2) ^ H\Tl; Z2) ^ H^''-\Tl; Z^) = H^'^iTL, Z2) ^ Z2, 
H'{Tl; Z2) = for every 1 < i < 2n - 1. 

Next note that the restriction of the complex line bundle iVs/cP"xCP" to L is trivial, since 
its first Chern class is just [uj]\l and H'^{L; Z) is torsion-free because Hi{L; Z) = 0. Thus 
the circle bundle ^ L is trivial, hence H*(Tl) = H*{L) ® H*{S^), from which it 
follows that H*{L; Z2) ^ H*{S^"-'^; Z2). □ 

7. Generalizations 

Below we present miscellaneous generalizations of some of the theorems from Section ^ 
Since the proofs are rather analogous to those of Section IHl we shall only outline the proofs 
omitting repeated details. 

The following theorem generalizes Theorem |El 

Theorem 7. A. Let X be a symplectic manifold that has a covering which is symplec- 
tomorphic to a domain in a suhcritical Stein manifold. Let M he a closed spherically 
monotone symplectic manifold. Assume dim M, dim X > 0. If M x X has a Lagrangian 
sphere then 2Nm \ dime M + dime X + 1. 

Examples of subcritical Stein manifolds, other than C", can be found in jSjlH]. (Note 
however, that after completion all subcritical Stein manifolds are split jl2j.) 

Proof of Theorem \7.A\ Let F — * X be a covering of X by a symplectic manifold Y 
which is (symplectomorphic to) a domain in a subcritical Stein manifold V. Let L C 
M X X be a Lagrangian sphere. By assumption dimL > 2, hence L is simply connected. 
Consider the lift LcMxYcMxYofL. Clearly L is also an embedded Lagrangian 
sphere, and Xj = 2Nm- As V is subcritical we have HF{L, L) = 0. By Proposition 16. A| 
2Nm I dime M + dime X + 1. □ 

A symplectic manifold (T,,u!^) is called monotone if there exists A > such that [u^] = 
Acf G M), where of is the first Chern class of the tangent bundle of S. We denote 

by G N the positive generator of the subgroup {cf (A) | A G -f^2(S; Z)}. 

Theorem 7.B. Let H be a closed monotone symplectic manifold (resp. spherically mono- 
tone) that participates in some polarization V (see Section \J~^ . Denote n = dimeS. 

(1) Suppose that V is suhcritical. Then: 
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(a) If2N§ > n + 1 (resp. 2Ny, > n + 1) then there exist no Lagrangian suhman- 
ifolds LcE with Hi{L; Z) = (resp. 7Ti{L) =0). 

(b) If2N§ = n+1 (resp. 2N^ = n+1) then every Lagrangian submanifold L C S 
with Hi{L] Z) = (resp. 7Ci{L) = 0) must satisfy H*{L; Zg) ^ if* (5"; Zg). 

(2) Suppose V has property {S) (see Section W^) . Then: 

(a) If 2N§ > n + 1 (resp. 2Nj] > n + 1) then for every Lagrangian submanifold 
L C S with Hi{L; Z) = (resp. 7ri(L) = 0) must satisfy L fl A-p 7^ 0. 

(b) // 2N^ = n + 1 (resp. 2N^ = n + 1) then every Lagrangian submanifold 
L G with Hi{L; Z) = (resp. 7ri(L) = 0) and with LClA-p = must satisfy 
H*iL;Z2) = H*{S^^;Z2). 

We remark that a similar statement to 1(a) above was proved in (0] using a different 
approach. 

Proof of Theorem \7.B\ Note that statement (1) is a special case of statement (2), 
since for a subcritical polarization V we have Ap = 0. We therefore prove statement (2). 

Let L C S be a Lagrangian submanifold with ifi(L;Z) = and L fl A-p = 0. Note 
that L is monotone and that > 2N§ (here we continue to denote by the minimal 
Maslov number, i.e. the positive generator of the subgroup /iL(7r2(S, L)) C Z.) 

Consider now the Lagrangian circle bundle ^ L m. M\T, (where, V = (M, u, J; S) 
is the polarization in which E participates). By Theorem 14. 2. B| HF{rL,TL) = 0. 

As in the end of the proof of Theorem HI since Hi{L\ Z) = and L C S is Lagrangian, 
the bundle ^ L must be trivial. Thus H^{Tl] Z2) = Z2. In view of this, the only way 
the spectral sequence can converge to is if A^^^^ <n + l. Thus if 2N§ > n + 1 we arrive 
at a contradiction. This proves 2(a). 

Suppose now that 2N§ = n + 1. Computing using the spectral sequence we obtain: 

H\Tv^ Z2) = H\Tl; Z2) = H^{Tv, Z2) = H^^\Tl; Z2) = Z2, 
H^Tl; Z2) = 0, for every 1 < i < n. 

It now easily follows that H*{L; Z2) = if* (5"; Z2). 

We omit the proof of the statements assuming spherical monotonicity since it is com- 
pletely analogous to the proof above. □ 

The following theorem generalizes statement 4 of Theorem iHl 

Theorem 7.C. Let T, be a closed spherically monotone symplectic manifold that partici- 
pates in a polarization V which has property (S) (see Sections \4.^ and VJ. Assume that 
dime S > 3 and Nj^ > 2. i/2A^s t dime S + 1 then every Lagrangian sphere L G must 
satisfy L n A-p 7^ 0. 
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We omit the proof as it is rather similar to that of Theorem iHl 

The next theorem provides "Euler characteristic" type restrictions on monotone La- 
grangians. Let (V, u) be a symplectic manifold and L C {V, u) a monotone Lagrangian 
submanifold with minimal Maslov number > 2. For every j G Z, denote by 7^- the 
sum of all Z2-Betti numbers of indices that are congruent to j modulo A^^^,, namely 

7, = 5^dimz, if^^^+^(L;Z2). 

fcez 

Next, for every two integers s < t denote: 

Given a Morse function / : L — M and s G Z, put 

f^sU) = #{P e Crit(/) I indp(/) = s(modiVi)}. 
Next, for for every s <t E^L put 

\s{L)= min i min{/ts_i(/), i, 

/eMorse L J 

Kt{L)= min {min{K,_i(/), + min{Kf(/), j. 

/eMorse I, ) 

Theorem 7.D. Let {V^uj) he a tame symplectic manifold and L C iViOj) he a monotone 
Lagrangian suhmanifold with Nl > 2. Put v = i '^"^^"^'*' ]- Suppose HF{L,L) = 0. Then 
for every s <t we have: 

(1) If t — s = even: 

(a) < Xs,t{L) < z/min{7s_i,7j + z/min{7j, 7t+i}. 

(b) XsAL)<Kt{L). 

(2) Ift- 8= odd: 

(a) -z/min{7t,7t+i} < Xs,t{L) < min{75_i, 7^. 

(b) -\t{L)<XsAL)<K{L). 

In particular, if (V, J, y?) is a Stein manifold which is either suhcritical, or has property 
(iS) of Section \2.4-l\ and L fl V^"* = 0, then the ahove inequalities hold. 

To prove Theorem I7.DI we shall need the following simple Lemma from linear algebra. 

Lemma 7.E. Let {D = ^^^^D\d) he a complex of vector spaces and H{D,d) = 
^■^^H\D, d) its cohomology. For every two integers s <t put 
t t 
XsAD) = ^(-irMimD\ XsAH{D,d)) = J](-irMimif^(D, 9). 

i=s i=s 

Then XsAD) = Xs AH {D, d)) + dim d{D'-^) + dim d{D'). 
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In particular, for t — s = even, 
XsAH{D,d)) < XsAD) < Xs,i(^P,<9))+min{dimL)"-\dimL)"}+min{dimL)*,dimL)*+^}, 
while for t — s = odd, 

XsAH{D,d))-mm{dimD\D'+'} < Xs^D) < XsAH{D,d)) + YmYi{diuiD'-\D''}. 

The proof of the lemma is completely straightforward, we therefore omit it. 



Proof of Theorem 7.D[ We first prove the second and fourth inequalities. Given a Morse 
function / : L ^ M, denote by the Morse complex associated to /. For every i G Z, put 
= cf'^"'^^^^ = 0fcg2C}+''^^ Recall from Section O that C* can be endowed with 
two differentials: the Morse differential do and the Floer differential d = do + ■ ■ ■ + d^- 
Thus we have H*{C,do) = iJ*(°^°^^^)(L; Z2) and H*{C,d) = HF<'^'"^^^\L,L). By 
Lemma [7. El (applied for do and for d), for every s < t we have: 

XsAC) = Xs,t{H{C,do)) + A:imdo{C'~^) + (-l)*-Mim9o(C*), 

XsAC) = XsAH{c, d)) + dimd{C''^) + (-i)*-^rf(c*). 

By assumption H{C^ d) = HF{L, L) = 0, hence 

(6) XsAL) = XsAHiC,do)) 

= dimd{C'-^) - dim5o(C^^^) + (-l)*-^(dimd(C*) - dim^olC*)). 

Now if t — s = even we get 

XsAL) < dimd{C'-') + dim d{C') < mm{Ks^,{f), K^if)} + mm{Kt{f), Kt+Af)}- 

Taking the minimum over all Morse functions / : L ^ M we obtain XsA^) — ^sA-^)- 
Assume now that t — s = odd. As d = do + ■ ■ ■ + d^, a simple dimension computation 
(using the grading of each dk) shows that dim (i(C*) > dimdo{C^) for every i G Z. Using 
this with (jH)) we get 

-min{/€i(/),Ki+i(/)} < -dimrf(C*) < XsA^) < dund{C'-') < min{/€,_i(/), /«,(/)}. 

Since this is true for all Morse functions / : L ^ M we obtain —Xt{L) < Xs,tiL) < Xs{L). 

We now turn to the proof of the first and third inequalities. Let {E*'*,dr} be the 
spectral sequence of Section For every r > 0, Z G Z, put = 0p_,_g^; -E^'''. Note that 
E;^-^ = H*{Er,dr), and E[ = "^"'^ ^^)(L; Z2) for every / G Z. By Lemma EH applied 
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V times we obtain: 

(7) = Xm(^i) =XM(^2) + dimrfi(Er^) + (-l)*-Mimrfi(E^) 

V 

= ... = XsAEu+i) + 5^(dimrf,(Eri) + i-iy-' dim dr{El)). 

r=l 

Now -E'jy+i = because HF{L, L) = 0. Note that by Theorem I5.2.AI we have that 
dimdr{El) < min{7i,7i+i} for every / G Z. The desired inequahties now easily follow 
from dZj). □ 
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